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ABSTRACT 

The theory for the flow of a weakly ionized gas through a parallel- 
plate, eontinuum, electrostatie probe is developed. The flow is 
separated into three distinct regions: (a) the inviscid, neutral core 
where electron conduction maintains the continuity of current between 
the two plates; (b) the viscous, quasi-neutral boundary layer in which 
the charged particle flow is similar to ambipolar diffusion; and (c) the 
one-dimensional, collision dominated, space-charge sheath. Analyti- 
cal solutions, matched at the boundary of each region, are presented 
for the electron temperature in equilibrium with the gas temperature 
and for the electron temperature constant at its free-stream value. 
A criterion is given which may be used to determine whether electron 
thermal equilibrium exists through the boundary layer. It is shown 
that the sheath voltage drop comprises approximately 60 percent of the 
total plate voltage drop. The results also show a very well defined 
saturation current for the double probe and that this current is con- 
trolled by ion diffusion through the boundary layer. Expressions are 
developed from the solutions which allow the use of experimental data 
to determine the free-stream electron density and temperature. 

i i i  
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Note : 

T /T . .  
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E l e c t r o n - n e u t r a l  co l l i s ion  f requency,  k inemat ic  v i scos i ty  

Mass dens i ty  

I n t e r s ec t i on  of the s lope of the probe v o l t a g e - c u r r e n t  
curve with J s (see Fig.  11) 

T e / T  

Defined in Eq. (47) 

Standard atmospheric conditions 

Electrons 

Ions 

Neutrals 

Edge of sheath 

Saturation 

Total 

Wall 

Free-  stream conditions 

MKS rationalized units are used in this report. 
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SECTION I 
INTRODUCTION 

In r e c e n t  y e a r s  t h e r e  has  b e e n  a g r e a t  dea l  of i n t e r e s t  c o n c e r n i n g  
the  u s e  of e l e c t r o s t a t i c  p r o b e s  in p l a s m a  d i a g n o s t i c s .  Much of th is  
i n t e r e s t  has  b e e n  c o n c e n t r a t e d  on e x t e n d i n g  the t h e o r y  and use  of con-  
v e n t i o n a l  L a n g m u i r  p r o b e s  ( f r e e - m o l e c u l a r  p robes}  to f lowing  p l a s m a s .  
Some  of the t e c h n i q u e s  and t h e o r i e s  fo r  t h e s e  p r o b e s  m a y  be found in 
Refs .  1 and 2. T h e s e  p r o b e s  a r e  p r a c t i c a l  and y i e l d  f a i r  r e s u l t s  when  
u s e d  in a low d e n s i t y  f low. As the d e n s i t y  i n c r e a s e s  the s p a c e - c h a r g e  
s h e a t h  b e c o m e s  c o l l i s i o n  d o m i n a t e d  and a c o n t i n u u m  t h e o r y  is r e q u i r e d .  

The term "continuum electrostatic probe" will be used for a probe 
operating in a flow regime where the sheath thickness is much larger 
than an electron-neutral mean free path. The analysis of such a probe 
must then include the collision dominated sheath equations. 

Numerical solutions have been obtained for the nonflowing, weakly 
ionized, collision dominated space-charge sheath for a spherical 
geometry and for a Couette flow. Notably, the numerical solution for 
the spherical probe was obtained by Cohen (Ref. 3) and Radbill (Ref. 4). 
The plane sheath for a collision dominated, weakly ionized gas has been 
solved by Chung (Ref. 5) for a Couette flow. The solution by Cohen is 
presented as an asymptotic theory for a spherical probe in the limits of 
(I) probe radius to Debye length ratio large, and (2) Ti/Te--,-0 for 
arbitrary probe voltage. After reducing the pertinent equations for the 
above limits, Cohen numerically integrated the resulting differential 
equation. It should be pointed out that in Cohen's work the sheath thick- 
ness is much larger than the electron-neutral mean free path. Radbill, 
through a different numerical technique, extended the solution for the 
spherical probe to include arbitrary probe radius to Debye length ratio 
and arbitrary potentials. The solutions of Cohen, Radbill, and Su and 
Lam (Refs. 3, 4, and 6) all agree in the regions where the parameters 
of interest are equal. One feature that is worthy of note in these solu- 
tions is the failure to obtain a saturation current. A possible explanation 
of this behavior is the penetration of the electric field into regions far 
away from the probe. Since the analyses have been for a nonflowing 
plasma the field penetrates farther with increasing probe potential in 
order to maintain continuity and there is no sharply defined space-charge 
sheath edge. The solution of Cohen served as a basis for an analysis of 
a flowing plasma over an arbitrary body by Lain (Ref. 7). In his analysis 
Lain investigated the probe characteristics for a model very similar to 
that Chung used in his analysis of the Couette and stagnation point flow. 
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Although L a m ' s  so lu t ion  is fo r  an a r b i t r a r y  body it has  to be r e s t r i c t e d  
to a t h r e e - d i m e n s i o n a l  g e o m e t r y  fo r  the l i m i t i n g  c a s e  of z e r o  v e l o c i t y  
s i n c e  s t e a d y - s t a t e  t w o - d i m e n s i o n a l  so lu t ions  cannot  be ob t a ined  u n l e s s  
c h a r g e  is supp l i ed  f r o m  s o m e  s o u r c e .  Both L a m ' s  and C h u n g ' s  so lu t i ons  
show tha t  the  e l e c t r i c  f i e ld  p e n e t r a t e s  fa r  into the  flow, and it is n e c e s -  
s a r y  to inc lude  a r e g i o n  of n e a r  a m b i p o l a r  d i f fus ion  which  is m a t c h e d  to 
the  n o n c o n v e c t i v e  shea th .  L a m ' s  a n a l y s i s  was fo r  an i n c o m p r e s s i b l e ,  
i s o t h e r m a l  p l a s m a  with cons t an t  p r o p e r t i e s  whi le  Chung and his  co-  
w o r k e r s  have  i n c l u d e d  c o m p r e s s i b i l i t y  (Refs.  8 and 5) and p o s s i b l e  e l e c -  
t r o n  t h e r m a l  n o n e q u i l i b r i u m  (Refs.  9 and 10). O t h e r  p e r t i n e n t  a n a l y s e s  
for  the s t a g n a t i o n  point  p r o b e  m a y  be found in Refs .  1, 11, and 12 which  
a r e  al l  s i m i l a r  to L a m ' s  and Chung ' s  w o r k  in t h e i r  m e t h o d  of a n a l y s i s .  

In th is  p a p e r  the  a n a l y s i s  is of a double ,  p a r a l l e l - p l a t e  p robe  with 
the  m e t h o d  of so lu t ion  fo l lowing  that  of Chung and B l a n k e n s h i p  (Ref. 8). 
A n a l y t i c a l  so lu t ions  have  b e e n  ob ta ined  fo r  the  c o m p l e t e  p r o b l e m  and the 
r e s u l t s  v e r i f y  the n u m e r i c a l  w o r k  of Ref. 8. J u s t i f i c a t i o n  is g iven  fo r  
ob ta in ing  both an e l e c t r o n - n e u t r a l  t h e r m a l  e q u i l i b r i u m  and f r o z e n  e l e c t r o n  
t e m p e r a t u r e  so lu t ion .  In Ref.  8 t h e s e  a r e  ob ta ined;  h o w e v e r ,  an i n c o m -  
p l e t e  f o r m  of the  e l e c t r o n  e n e r g y  equa t ion  was used ,  and j u s t i f i c a t i o n  fo r  
the  f r o z e n  e l e c t r o n  t e m p e r a t u r e  so lu t ion  is not c o r r e c t .  An a p p r o x i m a t e  
r e l a t i o n  is g iven  h e r e  fo r  d e t e r m i n i n g  e l e c t r o n  t h e r m a l  e q u i l i b r i u m  by 
c o n s i d e r i n g  a b a l a n c e  of c o l l i s i o n  l o s s e s  and the  t h e r m a l  conduc t ion  of the  
e l e c t r o n s .  R e l a t i o n s  a r e  g iven  which  enab le  the  r e s u l t s  to be u s e d  with 
e x p e r i m e n t a l  data  to y i e l d  i n f o r m a t i o n  c o n c e r n i n g  the f r e e - s t r e a m  e l e c -  
t r o n  n u m b e r  d e n s i t y  and t e m p e r a t u r e .  Of p a r t i c u l a r  s i g n i f i c a n c e  is the 
a p p r o x i m a t e  a n a l y t i c a l  so lu t ion  of the  c o l l i s i o n  d o m i n a t e d ,  p lane  shea th  
e q u a t i o n s  fo r  a r b i t r a r y  v a l u e s  of the p a r a m e t e r s  of i n t e r e s t .  

SECTION II 
FORMULATION AND BASIC ASSUMPTIONS 

Many of the e l e c t r o s t a t i c  p robe  t h e o r i e s  d e v e l o p e d  have  b e e n  fo r  
s p h e r i c a l  g e o m e t r i e s .  S ince  it has  b e e n  shown by L a m  (Ref. 7) that  the 
e l e c t r i c  f i e ld  p e n e t r a t e s  f a r  f r o m  the  p robe ,  s p h e r i c a l  s y m m e t r y  was 
n e c e s s a r y  to a t t a in  u n d i s t u r b e d  cond i t i ons  f a r  f r o m  the  p robe .  S i m i l a r  
to the s p h e r i c a l  p r o b e s  is the s t a g n a t i o n  point  p robe  p r o p o s e d  by Tabbot  
(Ref.  11). The i n h e r e n t  d i f f icu l ty  in al l  of t h e s e  p r o b e s  is ob ta in ing  f r e e -  
s t r e a m  p r o p e r t i e s  ahead  of the  bow shock  f r o m  the  p robe  data .  

B e c a u s e  of the p r o b l e m s  d i s c u s s e d  above,  the  au tho r  i n i t i a t e d  a 
s tudy  of a double  p robe  c o n s i s t i n g  of two p a r a l l e l  p l a t e s .  I n d e p e n d e n t  of 
th i s  Chung and B l a n k e n s h i p  (Ref. 8) p u b l i s h e d  a n u m e r i c a l  so lu t i on  of the  
s a m e  g e o m e t r y .  

2 
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This  type of p robe  o f f e r s  s e v e r a l  advan t ages .  The p a r a l l e l - p l a t e  
g e o m e t r y  p r o v i d e s  two v e r y  d i s t i nc t  e l e c t r o d e s  fo r  a v e r y  de f in i t e  de -  
s c r i p t i o n  of the vo l t age  d rops .  With the p l a t e s  at c lo se  p r o x i m i t y  to 
each  o ther ,  the e l e c t r i c  f i e ld  is n e a r l y  n o r m a l  to the s u r f a c e  e v e r y -  
w h e r e  and P o i s s o n ' s  equa t ion  is e s s e n t i a l l y  o n e - d i m e n s i o n a l  in na tu re .  
The p l a t e s  m a y  be d i v e r g e d  s l i gh t ly  to account  fo r  the b o u n d a r y  l a y e r  
bui ldup so that  the s t r o n g  shock  p r o b l e m  m a y  be e i t h e r  e l i m i n a t e d  o r  
r e d u c e d  g rea t l y .  

The f o r m u l a t i o n  wil l  be b a s e d  on the fo l lowing  a s s u m p t i o n s :  

1. The o r d i n a r y  v i s c o u s  bounda ry  l a y e r  wi l l  be a n a l y z e d  with a 
z e r o  p r e s s u r e  g r a d i e n t .  

2. The c h a r g e d  p a r t i c l e  n u m b e r  d e n s i t i e s  a r e  n e a r l y  equal  in the  
i n v i s c i d  c o r e  and o u t e r  p o r t i o n s  of b o u n d a r y  l a y e r .  

3. The shea th  (whe re  c h a r g e  s e p a r a t i o n  o c c u r s ) t h i c k n e s s  is m u c h  
s m a l l e r  than  the b o u n d a r y - l a y e r  t h i c k n e s s  and m u c h  l a r g e r  
than the e l e c t r o n - n e u t r a l  m e a n  f r e e  path.  

4. The flow is a s s u m e d  to be f r o z e n  in ion iza t ion  and r e c o m b i n a -  
t ion. (Ca lcu la t ions  a re  g iven  which  show the a p p r o x i m a t e  
r ange  of va l id i ty  fo r  this  a s s u m p t i o n .  ) 

5. The ions a r e  in t h e r m a l  e q u i l i b r i u m  with the n e u t r a l s  in all  
c a s e s  (T i = T) and Ki /K  e is a s s u m e d  cons tan t .  

Within  the f r a m e w o r k  of the above a s s u m p t i o n s  the n e u t r a l  gas equa t i ons  
become: 

Overall continuity: 

3pu 
bx 

+ b p v  = 0 (1)  
by 

Overall momentum: 

bu 
p u  ~-~ + p v  

bu_ b bu 
by by( ~ ~'y ) (2) 

N e u t r a l  gas and ion e n e r g y  equat ion :  

bT b T _  b bT bu 
puCp ~-~ + pVCp by by ( k n  ~ ) +  ~ / ( ~ )  

2 

The c o n s e r v a t i o n  equa t ions  for  the  c h a r g e  p a r t i c l e s  b e c o m e :  

Conservation of ions: 

~Ci bCi b [ bC i ] 
pu ~ + pv ~[y - By PDi %-y PKiCiE 

(3) 

(4) 
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C o n s e r v a t i o n  of e l e c t r o n s :  

bC bC 
e e 

Ou ~ + Ov by 

~-] PD e 

Electron energy: 

bTe + F ovC 
0UCpe Ce bx k • e 

CeTe ] T b ( )+ 0KeCeE 
T e by  T 

T b (Ce Te) - 
PDe % ~ T 0 KeCeE ] 

(5) 

Cpe bTe + e E] 
by Me 

~T e) . b k e  
by 

M 
3 e k +-~ 5 ~e-~--- ne 

Poisson's equation: 

bE e 
by e 

0 

(T e - T) (6) 

__ ep < Ci Ce ) (7) 
(ni - ne) ¢o Mi Me 

The analysis is broken down into three regions (Fig. I). The first 
is the inviscid neutral core in which the electric field is constant and 
the charged particles are delivered to the boundary layer because of 
their mobility and convection. The second region is the outer portion 
of the viscous boundary layer where n i = n e and the flow is characterized 
by diffusion similar to ambipolar diffusion. The third region is the 
space-charge sheath in which n i # n e and the convection can be neglected 
in the equations of motion. 

SECTION III 
SOLUTION TO THE PLANE SHEATH EQUATIONS 

Analysis of Eqs. (4) through (7) is very difficult when n i ~/ ne, but 
the complexity of the equations is greatly reduced if the convection terms 

4 
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are neglected. In the outer portion of the sheath where quasi-neutrality 
is attained, the convection does not contribute to the net current to the 
wall. The region where charge separation occurs is very much thinner 
than the viscous boundary layer, and convection becomes negligible. 
Therefore the convection terms will be neglected in the sheath, and the 
equations reduce to those of a plane, collision dominated space-charge 
sheath. 

As pointed .out in Ref. 9, thermal nonequilibrium may exist between 
the electrons and neutrals in the boundary layer and sheath. It is shown 
in Section IV under what conditions this might oceur in argon and air. 
There are two limiting conditions which cover a wide range of actual 
flows: equilibrium electron temperature (T e = T) and frozen electron 
temperature (T e = Te®). Hence, the sheath equations will be solved for 
these two extremes. Under these conditions the electron energy equa- 
tion becomes extraneous, and the plane sheath equations are: 

%-~ p D i ~ o KiCi E = 0 
by 

(8) 

8--~ P D e T e 
8y8 (Ce Te) + p T  KeCe E] = 0 (9) 

ep[Ci Ce] 
~Y ¢ o Mi Me 

The first two of these equations may be integrated to give: 

e 1 
P Di by o  ici ]: Ji 

(10) 

(11) 

e [°Oe  ] M e Te ;~Y T + p KeCeE = J e 
(12) 

where both currents are taken as positive for particle drift toward the 
wall. Since the equations are identical to those analyzed numerically 
in Ref. 8, the same notation will be used and the following parameters 
defined: 
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a . 

l~e 

C . 
_ l~e 

C . 

l)e 
0 

1 
A / 

o 

Y 

P--- dy 
Po 

Jl  

2 
j inPo S 
e n e p~. 

O 

YO 

A -f O dy A 

J Po 
0 

j K. 

J i Ke 

e 2 n e A2 
O 

R 
e E 

O 

e o k T O e A n e  o 

(13) 

S u b s t i t u t i o n  of  Eq .  (13) i n t o  E q s .  (10) t h r o u g h  (12) g i v e s  

d a .  
1 ARa.  = Jl (14) 

d~ i 

d__ ( a e ~ )  + ARa = J 1  ~ (15) 
d~ e 

dR 
- a .  - a ( 1 6 )  

d~ z e 

In n o r m a l i z i n g  t h e  a b o v e  e q u a t i o n s ,  i t  h a s  b e e n  a s s u m e d  t h a t  
nzo" = n e o .  E q u a t i o n  (16) s h o w s  t h a t  t h i s  i s  n o t  e x a c t l y  t r u e  (~io # ~eo )  

s i n c e  t h e  e l e c t r i c  f i e l d  i s  d e c a y i n g  t h r o u g h  t h e  s h e a t h .  H o w e v e r ,  to  t h e  
f i r s t  a p p r o x i m a t i o n  ( q u a s i - n e u t r a l  a p p r o x i m a t i o n )  t h i s  i s  c o r r e c t  s o  t h a t  
t h e  b o u n d a r y  c o n d i t i o n s  at  ~ = 1 . 0  a r e  t a k e n  a s  

a = a .  = 1 . 0  
e 1 

O O 

T h e  b o u n d a r y  c o n d i t i o n s  a t  t h e  w a l l  (~ = 0), a l t h o u g h  n o t  e x a c t ,  a r e  
t a k e n  a s  

a = a. = 0 
e i 
w w 

A discussion of these boundary conditions is given in Section 3. I. 
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E q u a t i o n s  (14) and (15) can  be i n t e g r a t e d  f o r m a l l y  to give a i  and ae  
as  func t ions  of the n o r m a l i z e d  e l e c t r i c  f i e ld  1R and the  i n d e p e n d e n t  
v a r i a b l e  ~. 

C 
C C 

0 0 

0 

C 
C C 

ae co 

o o 

o (18) 

The quantity Jl contains the factor S/pp and is weakly dependent upon 
the temperature. Since the main contribution to the integrals is near 
the wall and the temperature does not vary greatly across the thin sheath, 
the ion Schmidt number is assumed constant through the sheath and equal 
to its value at the wall. This means that Jl will be taken as constant 
through the sheath and equal to its wall value. 

If the correct relationship between R and ~ were known, the inte- 
gration of Eqs. (17) and (18) could be carried out to yield the solution 
since m is a known function of ~. The exact form of R requires the 
solution of the equations to be known; however, a reasonable approxima- 
tion to R will give an approximation to ~i and ~e. These expressions for 
c~ i and c~ e in turn could be substituted into Eq. (16) and integration would 
provide an improved approximation to R. This procedure is simply the 
method of successive approximations and is commonly used in solving 
nonlinear differential equations. The practical success of this method 
depends almost entirely upon being able to obtain a very good first 
approximation to the function in question. The choice of the first approxi- 
mation will be considered when treating specific cases. 

Two cases will be solved which are of interest: (1) equilibrium 
electron temperature, and (2) constant electron temperature. 
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3.1 EQUILIBRIUM ELECTRON TEMPERATURE 

The cond i t i on  of the e l e c t r o n  t e m p e r a t u r e  equa l  to the ion t e m p e r a -  
t u r e  g ives  w = 1 .0 .  E q u a t i o n s  (14) and (15) m a y  then  be added  and 
c o m b i n e d  with  Eq. (16) to g ive  

dR 
d (a  i + a e  ) AR d_ ~ d-~ - = J l  ( i  + ~) (19) 

I n t e g r a t i o n  of Eq. (19) y i e l d s :  

(a  + a e)  - 2 A i - 2 (R2 - R o 2 )  = J 1  (1  + k ) ( ~  - 1 )  (20)  

w h e r e  the s u b s c r i p t  o d e n o t e s  cond i t i ons  at ~ = 1 .0 .  Equa t ion  (20) is 
an e x a c t  a l g e b r a i c  equa t ion  b e t w e e n  al l  the v a r i a b l e s  of the p r o b l e m .  

S u b t r a c t i n g  Eq.  (14) and (15) and us ing  Eq.  (16) g ives :  

d2R AR (a i + a e) = Jl (I - k) 
d~ 2 

(21) 

Th i s  e q u a t i o n  a long  with  Eq.  (20) r e p r e s e n t s  a s e c o n d - o r d e r ,  n o n l i n e a r  
d i f f e r e n t i a l  equa t ion  fo r  the e l e c t r i c  f i e ld  R. An a p p r o x i m a t i o n  to R is 
ob t a ined  by n e g l e c t i n g  d2R/d~  "2, which  f r o m  P o i s s o n ' s  equa t ion  i m p l i e s  

da  d a .  e ~. 1 

de d E 
(22) 

In the o u t e r  p o r t i o n  of the s h e a t h  w h e r e  the f low is q u a s i - n e u t r a l ,  
a i  = ae  and Eq. (22) is a good a p p r o x i m a t i o n .  As the wal l  is  a p p r o a c h e d  
the  e l e c t r i c  f i e ld  b e c o m e s  s t r o n g e r  and the ions b e c o m e  m o b i l i t y  l i m i t e d  
such  tha t  d a i / d ~  b e c o m e s  v e r y  s m a l l .  The e l e c t r o n s  a r e  b e i n g  r e p e l l e d  
by the e l e c t r i c  f i e ld  and t h e i r  d e n s i t y  b e c o m e s  low. F r o m  Eq. (15) we 
have  

da  
e 

~ - A R a  ='0 
dC e 

for a =~ O. 
e 

Therefore, the second derivative of R is small over a large portion of 
the sheath. 

Making the approximation of Eq. (22) in Eq. (21) gives: 

J1 
(a i + a e) ~" (I - 

AR 

(23) 

8 
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It s h o u l d  be  n o t e d  t ha t  Eq .  (23) at  ~" = 1 .0  g i v e s  t he  s a m e  q u a s i - n e u t r a l  
f i e l d  as  t ha t  o b t a i n e d  by  l e t t i n g  c~ i = a e in  the  o u t e r  r e g i o n  of the  s h e a t h .  
T h i s  f i e l d  is  d i s c u s s e d  b y  C h u n g  (Ref .  5) as  b e c o m i n g  a s y m p t o t i c a l l y  
c o r r e c t  f o r  l a r g e  A. S u b s t i t u t i o n  of Eq.  (23) in to  Eq .  (20) g i v e s :  

w h e r e  

=" 7-1 - 7-2 R-I - 7-3 R2 (24) 

7-1 
2 A R o  2 

= i - + 

Jl (1 + k )  2 J  1 (1 + .k)  

7-2 • 1 +  k 

A 
7- 3 = 

2 j  1 (1  + 

E q u a t i o n  (24) is  an  a p p r o x i m a t e  e x p r e s s i o n  f o r  ~ in t e r m s  of R. A 
c o m p a r i s o n  of Eq.  (24) w i th  a n u m e r i c a l  s o l u t i o n  f r o m  Ref .  5 is  g i v e n  
in F i g .  2, w h e r e  J1 and  k w e r e  t a k e n  f r o m  Ref .  5, and  s h o w s  t h a t  t h e  
a p p r o x i m a t i o n  to  R is  in f a c t  q u i t e  good.  T h e  h i g h e s t  o r d e r  d e r i v a t i v e  
of 1R h a s  b e e n  n e g l e c t e d  and  two  c o n s t a n t s  of i n t e g r a t i o n  h a v e  b e e n  l o s t .  
T h e  r e s u l t  is t ha t  Eq .  (24) d o e s  not  s a t i s f y  a l l  t he  n e c e s s a r y  b o u n d a r y  
c o n d i t i o n s .  

There is an important feature of this solution which will be utilized 
in the constant electron temperature solution and can be discussed at 
this point. Since the electric field at the probe surface is large com- 
pared to its value at the sheath edge, the ions tend to become mobility 
limited near the surface. This means that physically it is the drag force 
between the ions and neutrals that retards the ion motion and that the 
concentration gradients are no longer important in determining the par- 
ticle flux. Equation (14) shows that for this condition we have 

J1 (25) 
a .  =~ 

i AR 
W W 

for the surface boundary condition (~ = 0). 
gives at ~ = 0 

a .  + a ~ J 1  

x w . e  w A R  w 

The approximation in Eq. (23) 

( i  - (26)  
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which,  fo r  the r a n g e  of k of i n t e r e s t ,  is v e r y  n e a r l y  equal  to Eq. (25). 
It was  po in ted  out p r e v i o u s l y  that  Eq. (23) b e c o m e s  a s y m p t o t i c a l l y  
c o r r e c t  at ~ = 1.0 fo r  l a r g e  A; then in v iew of the above d i s c u s s i o n ,  
the  a p p r o x i m a t i o n  in Eq. (23) can be expec ted  to be qui te  good t h rough  
the e n t i r e  shea th ,  and m a k i n g  ~Zw' = 0 c a u s e s  only a s m a l l  p e r t u r b a t i o n  

in the e l e c t r i c  f i e ld  n e a r  the p robe  s u r f a c e .  

]By s u b s t i t u t i n g  Eq. (24) into Eqs .  (17) and (18), 
i n t e g r a t i n g  we have  

Y2 A 1 / 3  
a .  = -  j 1  t T  e t  ( 2 Y 3 )  

i 3A 2 

with w = 1.0,  and 

t 

W 

(AY2 + 1) -, 
u 

3 - t  
t e d t  (27) 

Ct 
e 

Y2 A 

.~t ~ ~ ¢t ( F_~ ) 
3A 2 

1 / 3  

w h e r e  

and 

e 
W 

t _ 

t 

/ I 
t 

W 

= 0 = a .  
1 

W 

2Y3AR3 

3 

A"12 
3 

- 1 

t 
e d t  (28) 

10 
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E q u a t i o n s  (27) a n d  (28) m a y  n o w  be  m a d e  to  s a t i s f y  a l l  t h e  b o u n d a r y  
c o n d i t i o n s  at  ~ = 1 . 0  a n d  ~ = 0 b y  e v a l u a t i n g  t he  c o n s t a n t s  (J1 a n d  k) in  
t h e  e q u a t i o n s .  I n s t e a d  of s p e c i f y i n g  t h e  c u r r e n t  o r  v o l t a g e  a c r o s s  t h e  
s h e a t h ,  t h e  r a t i o  o f  c u r r e n t s  (k) w i l l  be  c h o s e n  a s  t h e  p a r a m e t e r ;  t h e n  
J1 ,  Rw,  a n d  1R o w i l l  be  f o u n d  b y  s o l v i n g  t h e  s y s t e m  of e q u a t i o n s  c o r r e -  
s p o n d i n g  to  E q s .  (27) a n d  (28) e v a l u a t e d  a t  ~ = 1 . 0  a n d  Eq .  (24) e v a l u -  
a t e d  at  ~ = 0. 

E q u a t i o n s  (27) a n d  (28) m a y  be  i n t e g r a t e d  in  t e r m s  of t h e  g e n e r a l  
K u m m e r  f u n c t i o n ;  h o w e v e r ,  i t  i s  p o s s i b l e  in  m o s t  c a s e s  to  m a k e  
a p p r o x i m a t i o n s  c o n s i s t e n t  w i t h  t h e  v a l u e s  of t h e  p a r a m e t e r s  of  i n t e r e s t  
w h i c h  p e r m i t  t h e s e  i n t e g r a l s  to  be  e x p r e s s e d  in s i m p l e r  f o r m s .  S u c h  
a p p r o x i m a t i o n s  a n d  t h e  c o r r e s p o n d i n g  i n t e g r a l s  a r e  s h o w n  in  A p p e n d i x  II 
( E q s .  ( I I -10 ) ,  ( I I -11) ,  a n d  ( I I - 1 2 ) ) .  

3.2 CONSTANT ELECTRON TEMPERATURE 

A c o n s t a n t  e l e c t r o n  t e m p e r a t u r e  m e a n s  t h a t  ~ i s  no t  c o n s t a n t  s o  it 
i s  no t  p o s s i b l e  to  d e r i v e  an  a p p r o x i m a t e  e x p r e s s i o n  s u c h  a s  Eq .  (24).  

E x a m i n a t i o n  of  E q s .  (17) and  (18) s h o w s  t h a t  t h e  i o n  e q u a t i o n  h a s  
t h e  s a m e  f o r m  as  in  t h e  e q u i l i b r i u m  c a s e  a n d  t h e  e l e c t r o n  e q u a t i o n  h a s  
b e e n  c h a n g e d  by  t h e  a p p e a r a n c e  of t h e  g a s  t e m p e r a t u r e .  It  m a y  b e  e x -  
p e c t e d  f r o m  t h e  f o r m  of  t h e s e  e q u a t i o n s  t h a t  t h e  f u n c t i o n a l  f o r m  of  R a n d  
of  t h e  p r o d u c t  R / ~  c a n n o t  be  v e r y  m u c h  d i f f e r e n t  f r o m  t h a t  of  t h e  e q u i -  
l i b r i u m  c a s e  a s  g i v e n  in Eq .  (24).  T h e r e f o r e ,  t h e  f u n c t i o n a l  f o r m  of  ~ a s  
g i v e n  in Eq.  (24) i s  t a k e n  a s  t h e  f i r s t  a p p r o x i m a t i o n  r e l a t i n g  ~ to  1~, 

= Y1 __ y2 R-I _ y3 R2 (29) 

T h e  c o e f f i c i e n t s  (7 ' s )  in  t h i s  e q u a t i o n  a r e  no t  t h e  s a m e  a s  t h o s e  in  Eq .  (24) 
f o r  t h e  e q u i l i b r i u m  s o l u t i o n .  T h e s e  c o e f f i c i e n t s  a r e  f o u n d  by  r e q u i r i n g  
t h a t  t h e  a p p r o x i m a t i o n  f o r  R a g r e e s  w i t h  t h e  t r u e  R at  t h e  e n d  p o i n t s  a n d  
r e q u i r i n g  t h e  s l o p e  a t  t he  w a l l  to  be t h a t  g i v e n  f o r  t h e  i on  m o b i l i t y  l i m i t e d  
c o n d i t i o n .  T h e s e  r e q u i r e m e n t s  y i e l d  t h e  f o l l o w i n g  s y s t e m  of  e q u a t i o n s :  

- 1  
0 = Y1 - Y2Rw - Y'3Rw 2 

-i 2 
1.0 = Yl - Y2Ro - Y3Ro 

d~ _ 1 =. ARw -2 

a i _ a e Jl(l + k) Y2Rw 
W W W 

- 2Y3R w 

11 
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S o l v i n g  t h i s  s y s t e m  of e q u a t i o n s  f o r  T1, 72, and  "/3 yields: 

2 
AR 

w 3 7"2 (30a)  
7"1 = + 

2J l (  I + ~) 2 R w 

2Jl(l + k) R 2 ] 
2 i - o 

AR w ARw 2 
Y2 = R Rw2 (30b)  

I - --3 __R° + i Ro 

2 R w 2 Rw3 

A 7.2 
= + 3 (30c)  

Y3 2 J l (  1 + ~)  2R w 

Since t h e  s h e a t h  is t h in ,  a l i n e a r  v a r i a t i o n  in t h e  g a s  t e m p e r a t u r e  w i l l  
be  u s e d .  

1 1 

Ob (D 
8 w + (e o - e w) ~} (31) 

Using Eqs. (29) and (31) the resulting integration of Eq. (18) cannot 
be carried out in a closed form. Let F be defined by 

(e -e } -I 
i d~ = F = o w (YI  - 7.2 R - Y3 R2)  (Y2 R - 2  
a~ dR ~ 

- 2y 3 R) 

e 
w (7.2 R-2 R) + ~-- - 2Y3 
o o  

An a p p r o x i m a t e  e x p r e s s i o n  i s  n o w  c h o s e n  f o r  F s u c h  t h a t  Eq .  (18) m a y  
be  i n t e g r a t e d .  We w i l l  u s e  a c u r v e  f i t  to  F of  t h e  f o r m  

F ~ G = 8 2  R - 2  - 2 8 3 R  

S i n c e  t h e  m a i n  c o n t r i b u t i o n  to t h e  i n t e g r a l  in  Eq .  
= 0, G wi l l  be  m a d e  to  a g r e e  w i t h  F at  ~ = 0. 

i n s i d e  t h e  i n t e g r a l  of t he  e x p o n e n t ,  

(32) 

(18) occurs near 
Also, since F appears 

G will be made to agree with F on 

12 
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the average over the interval of integration. These conditions corre- 
spond to 

a n d  

F]~= 0 = G]~___ 0 

R R fo fo 
FdR = GdR 

R w R w 

The resulting values of the constants are: 

~2 

2 
@ AR R 

w W O 

2 J l ( l  + k) o~ 

1 (@o + @w}2Jl (I + 

2 @ w ARw2 

I 3 Ro 1 

-~ R + i 
"21 UJ 

B 
3 

A @w 82 
+ 

2J I ( I  + k ) ~  2Rw3 

Substituting Eq. 
grating gives: 

ai - Jl t 

(29) into Eq. (17) and Eq. 

AY2 1/3 ~(~__~) 
3A 2 

(32) into Eq. (18) and inte- 

f 
t 

w 

t 
+l] t 

A;~ 2 + 
3 

1 

- t  
e dt (33) 

13 
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a~ a e 

A8 2 

J l [ { t  "~'3 e 

B t 3 
Y3 

1 /3  
( 2Y---~3 ) 

3A 2 

t II 
t 

%V 

3 ~'2--A + 1 t 

3 t  

AB 2 - 1 S~3 t 
Y3 e dt (34) 

w h e r e  t - 2~3A R 3 
3 

A n o t h e r  r e l a t i o n  b e s i d e s  Eqs .  
d e t e r m i n e  the t h r e e  unknowns ,  J1, 
d e r i v e d  in a m a n n e r  s i m i l a r  to that  u s e d  in ob ta in ing  Eq. (20). 
Eq.  (15) to Eq. (14) g ives :  

d (a i + a co) - AR(a i - a e)  = J l ( 1  + k )  
dC e 

Subs t i t u t ing  in P o i s s o n ' s  equa t ion  and i n t e g r a t i n g  g ives :  

(a i + a e co) - (1 + o) o)  - A_ (R 2 _ Ro2) = J l ( 1  + I~)(C 
2 

(33) and (34) is n e e d e d  in o r d e r  to 
R o, and R w. This  r e l a t i o n  m a y  be 

Adding  

(35) 

- 1 ) ( 3 6 )  

I 

The c o m p l e t e  s h e a t h  so lu t ion  is now ob ta ined  by l e t t i n g  k be a 
p a r a m e t e r  and so lv ing  the t h r e e  equa t i ons  ob t a ined  by e v a l u a t i n g  Eqs .  (33) 
and (34) at ~ = 1.0 and Eq. (36) at ~ = 0 fo r  the t h r e e  unknowns ,  J1, Ro, 
and R w. Having  ob ta ined  t h e s e  unknowns ,  Eqs .  (29), (33), and (34) can  be 
u s e d  to c o m p u t e  d i s t r i b u t i o n  of the q u a n t i t i e s  a c r o s s  the shea th .  A p p r o x i -  
m a t i o n s  to Eqs .  (33) and (34) a r e  g iven  in Appendix  II [Eqs .  (II-16), 
(II-17),  and (II-18)] which  m a k e s  the s h e a t h  so lu t ion  m o r e  a m e n a b l e  to 
n u m e r i c a l  c a l c u l a t i o n s .  

3.3 SHEATH V O L T A G E  

The s h e a t h  vo l t age  can  be found by i n t e g r a t i n g  the  e l e c t r i c  f i e ld  

V 
o Yo 

V o 
W 

14 
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which becomes for the sheath quantities 

1.0 

' - -  ( V  ° - V . )  = - A  
kT w 

c o  

0 

8 Rd~ (37) 

Using  the l i n e a r  v a r i a t i o n  fo r  8 f r o m  Eq. (31), the vo l tage  b e c o m e s  

1 . 0  

e_.__kTo~ (V ° _ Vw ) = -A (8 0 - 8w) f ~ R d~ 

O 

1 . 0  

- A  8 w /  Rd~ 

0 

which m a y  be i n t e g r a t e d  us ing  Eq. (24) fo r  R. 
fo l lowing  e x p r e s s i o n  f o r  the shea th  vo l t age :  

e 

kT 
130 

(V ° - V w) = -A (8o - 8w) 

(38) 

F i n a l l y ,  we have  the 

R 

TiT ~n 
R 
w 

i i )  
+ Y22 ( R R 

O w 

+ 

2~'IY 3 Y2Y3 2 2) 
(Ro 3 - Rw 3) + (R ° - R 

3 2 w 

2 

2Y3 (Ro 5 - R 5) - A 8 Y2 ~n 
5 w w R 

W 

2Y33 (R°3 - Rw3)] 

(39) 

15 
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w h e r e  t h e  7 ' s  a r e  g i v e n  in Eq .  (24) f o r  t he  e l e c t r o n  e q u i l i b r i u m  c a s e  a n d  
in Eq .  (30) f o r  t h e  c o n s t a n t  e l e c t r o n  t e m p e r a t u r e  c a s e .  

SECTION IV 
BOUNDARY.LAYER SOLUTION 

T h e  r e g i o n  in t h e  v i s c o u s  b o u n d a r y  l a y e r  bu t  o u t s i d e  t h e  s p a c e -  
c h a r g e  s h e a t h  is  q u a s i - n e u t r a l  (n i = ne) .  O b s e r v i n g  t h i s  it i s  p o s s i b l e  
to  e l i m i n a t e  t h e  e l e c t r i c  f i e l d  f r o m  E q s .  (4) a n d  (5) to  g i v e ,  

bm bm 
Ou - -  + Ov 

bx  by  

_ b r pDi Ki Ke bm 

by [ K i K i + K e by 

+ 
PD e K i K e 

K K. + K 
e 1 e 

C 
w h e r e  m - 

C® a n d  m i = m e. Since 

1 / 2  
Ki  = , ( M e )  

K M. 
e 1 

t h e n  K i << K e a n d  Eq .  (40) b e c o m e s ,  

(40) 

p u  + p v  - pD. - -  m (  1 + ~ ) (41) 
bx  by  by  1 by T 

w h i c h  is  t h e  c o n v e c t i o n - d i f f u s i o n  e q u a t i o n  f o r  t h e  c h a r g e d  p a r t i c l e s .  It 
c a n  be  s e e n  t h a t  Eq .  (41) i s  s i m i l a r  to  t h e  n e u t r a l  g a s  e n e r g y  e q u a t i o n ,  
a n d  s i m i l a r  s o l u t i o n s  m a y  be  f o u n d  u n d e r  c e r t a i n  a s s u m p t i o n s .  B e f o r e  
l o o k i n g  f o r  s i m i l a r  s o l u t i o n s  i t  i s  n e c e s s a r y  to  l o o k  at  t h e  e l e c t r o n  
e n e r g y  e q u a t i o n  s i n c e  Eq .  (41) i s  c o u p l e d  to  i t .  

16 
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4.1 DETERMINATION OF ELECTRON TEMPERATURE 

E q u a t i o n  (6) c a n  be  w r i t t e n  a s :  

5 n k u  e + n M v 0D 0K C E 
2 e b x  e e e Te  b y  e e 

[ ] ( 5 T e )  5 k ~ T e  + e__ E - ~ k e 

2 Me By M e b y  b y  

M 
3 e 

+ -- 6 w - -  n k (T e - T) (42) 
2 e l~ e 

w h e r e  R e f .  13 g i v e s ,  

CeT M L I/2 

e ( r )  
e e 

S i n c e  t h e  d i f f u s i o n  v e l o c i t i e s  a r e  s m a l l ,  t h e s e  t e r m s  a r e  n e g l e c t e d  a n d  
Eq .  (42) r e d u c e s  to ,  

bT bT 
5 e 5 e -- n k u  ~ + -- n k v  
2 e b x  2 e b y  

~T M 
[ k e  e ~ ! +  _3 5We _~e n e k  (T e - T) (43) 

by  by  2 1~ 

The last term in this equation is similar to the source term in the con- 
servation of species in reacting boundary layers. In order to get 
similar solutions for Eq. (41) it is necessary that T e can be expressed 
in a similar solution. It is obvious that if the collision term dominates, 
then T e = T and Eq. (41) has similar solutions. Also, if the collision 
frequency-is small so that the collision term is negligible, then the 
electron temperature is frozen through the boundary layer. Similar 
solutions are again possible for Eq. (41) since T can be found from the 
solution of the neutral gas energy equation. This case is difficult to 
solve in general since the equation is highly nonlinear. The possibility 
of electron thermal nonequilibrium is known and has been investigated 

17 
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f o r  a s t a g n a t i o n  p o i n t  p r o b e  b y  C h u n g  a n d  M u l l e n  (Re f .  10). S i m i l a r  
s o l u t i o n s  m i g h t  be  o b t a i n e d  f o r  Eq .  (43) if  s o m e  t y p e  of  v a r i a t i o n  in  
t h e  g a s  p r o p e r t i e s  w e r e  a l l o w e d .  

L e t  u s  a s s u m e  a c o n s t a n t  e l e c t r o n  t h e r m a l  c o n d u c t i v i t y  a n d  w r i t e  
Eq .  (43) a s :  

bT e bT T e 1/2 b2T 
u _ _  + v _.._Re =, 3 ~ (M) e 

bx  by  2 p T Me bY2 

M 
3 e 

+ -- 5v n (T e _ T)  (44) 
5 e M  

In  o r d e r  to  d e t e r m i n e  t h e  i m p o r t a n t  t e r m s  in Eq .  (44) we  d e f i n e ,  

T 
u' u v' v , x , = _y. , e T 

. . . .  ; x =--" Y L' T - • T' - u ' u L' e T ' T 
~ e 

co 

w h e r e ,  in  t h e  u s u a l  o r d e r  of  m a g n i t u d e  a n a l y s i s ,  

u' ~ 0 [I] x'- 0 []] Te T ' 

v ,  o o ~ o 

bx' b y '  

a n d  5 B is  t h e  v i s c o u s  b o u n d a r y - l a y e r  t h i c k n e s s .  T h e  o r d e r  of  m a g n i t u d e  
of  t h e  t e r m s  in Eq .  (44) a r e  t h e n ,  

bT ' ~T ' 1 / 2  , 
u ,  e + v ,  e =. 3 1 ( M ) ~ 2 T e  

bx' by' 2 Re Me by'2 

M 
f 3 6V L e ( T  e - T )  

+5 e u  M 
CO 

(45) 

(i) (i) + (6 B) 
1/2  

(6B) R e M e (6B 2) 

+ collision term. 

18 
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The thickness of the viscous boundary layer is 

so the electron thermal conduction term is of order 

1/2 

e 

compared to unity for the convection terms. The magnitude of the col- 
lision term depends on the energy exchange between the electrons and 
neutrals. Equation (45) is essentially a balance between the thermal 
conduction and the collision loss terms and can be written as: 

~2T M 
e _ 3 8x; .~e n k (T e 

ke by 2 2 e M e 
- T) 

(46) 

When the right side dominates, T e = T; when the right side is negligible, 
T e = constant through the boundary layer. To develop an approximate 
criterion for electron thermal equilibrium we let 

52 T T e _ T e (T e - Te ) 
e~. _ oo w~ _ ~o w R 

by 2 5B2 25 x 2 ex 

Equation 46 then reduces to 

T ew.l{ [ + 4O w] T ~ ( i  - f~) + ( i  - f l ) 2  

c o  

lj2} 
(47) 

where 

T 
W 

W 
T 

oo 

fl 
I 0  8'~ xe 

e 

u 
c o  

M 3/2  

w (  M - 7 . 1 5 x  l021 XSQen Poo 8 
W 

Moo P a 
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E q u a t i o n  (47) i s  s h o w n  in  F i g .  3 f o r  two  r e p r e s e n t a t i v e  w a l l  t e m p e r a -  
t u r e s .  T h e  m a g n i t u d e  of  ~ d e p e n d s  on g a s  f l o w  c o n d i t i o n s  a n d  t h e  t y p e  
of  g a s  b e i n g  u s e d .  F o r  a r g o n  5 = 10 a n d Q e n  = 7 x 10 -21  m 2, a n d  f o r  
n i t r o g e n  o r  a i r  5 p r o b a b l y  l i e s  b e t w e e n  10 a n d  100 a n d  Q e n  -=- 1 0 - 1 9  m 2- 
U s i n g  t h e  t y p i c a l  f l o w  c o n d i t i o n s  of  T® = 4200°K,  p® = 0. 1 a t m ;  M® =1, 
a n d  O w = 0. 1 - 0. 3 t h e  c o r r e s p o n d i n g  v a l u e s  of  ~ f o r  a r g o n  a n d  a i r  a r e  
s h o w n .  It i s  s h o w n  t h a t  f o r  a r g o n  t h e  e l e c t r o n  t e m p e r a t u r e  i s  n e a r l y  
c o n s t a n t  a n d  f o r  a i r  (6 = 100) t h e  e l e c t r o n  t e m p e r a t u r e  i s  n e a r l y  in  
t h e r m a l  e q u i l i b r i u m  w i t h  t h e  g a s .  H e n c e ,  t h e  t w o  e x t r e m e s  of  e q u i l i -  
b r i u m  T e a n d  c o n s t a n t  T e a r e  v e r y  r e p r e s e n t a t i v e  of  m a n y  f l o w s  of  
i n t e r e s t .  It s h o u l d  be  p o i n t e d  out  a g a i n  t h a t  t h e s e  e x p r e s s i o n s  w e r e  
d e v e l o p e d  u n d e r  t h e  a s s u m p t i o n  t h a t  t h e  i o n i z a t i o n  a n d  r e c o m b i n a t i o n  
a r e  f r o z e n .  

4.2 SOLUTION FOR THE CHARGED PARTICLE CONVECTION.DIFFUSION EQUATION 

E q u a t i o n  (41) c a n  be  s o l v e d  a p p r o x i m a t e l y  f o r  t h e  t w o  c a s e s  of  t h e  
e l e c t r o n  t e m p e r a t u r e  if t h e  q u a n t i t y  m is  a s s u m e d  to  v a r y  s l o w l y  a l o n g  
t h e  e d g e  of  t h e  s h e a t h .  T h e  e q u a t i o n  c a n  b e  t r a n s f o r m e d  b y  

1 / 2  Y 
U 

2V X p,,., 

O 

~/ = ( 2 u  v x ) 1 / 2  f(1.1) 
oo oo 

a n d  l e t t i n g  
p/~ 

P®P® 

pv _ ~_.~.. pu _ b~_. df _ u 

p~. Bx Pc~ ~y dT] u 

- 1. 0. A p p l y i n g  t h i s  t r a n s f o r m a t i o n  y i e l d s  

d ( 1  d ( m g ) ) +  f dm _ 

d~ d~ d~ 
0 

w h e r e  g = (1 + co). T h e  b o u n d a r y  c o n d i t i o n s  on  Eq .  (48) a r e  

m (0o) =1.0 

m = m ° 

w h e r e  77o i s  t h e  s h e a t h  t h i c k n e s s .  

(48) 
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Equation (48) can be written in the following form: 

d [I d(mg) ]+ f d(mg) _ mf d~n g (49) 

d~] S dq g d~] dr I 

F o r  e q u i l i b r i u m  e l e c t r o n  t e m p e r a t u r e  the  r i g h t  s i d e  of t he  a b o v e  e q u a -  
t i o n  is  i d e n t i c a l l y  z e r o .  F o r  c o n s t a n t  e l e c t r o n  t e m p e r a t u r e  g b e c o m e s  
a f u n c t i o n  of the  gas  t e m p e r a t u r e  and  the  r i g h t  s i d e  can,  in g e n e r a l ,  be 
n e g l e c t e d .  N e g l e c t i n g  the  r i g h t  s i d e  of the  above  y i e l d s :  

d [ 1  d ( m g ) ]  + f d ( m g )  _ 0 (50) 

dr] S dq g d~ 

which is to be used as an approximation to Eq. (48). Integration of 
Eq. (50) gives 

f 
11o 

mg = mog ° + (goo - mog o)  

qo 

_ IF 
S e  d~ 

Se dr! 

(51) 

T h e  e x p o n e n t i a l s  in the  i n t e g r a n d  of the  a b o v e  e q u a t i o n  h a v e  t h e i r  l a r g e s t  
c o n t r i b u t i o n  n e a r  the  wa l l  and d e c a y  as r? i n c r e a s e s .  The  s a m e  type  of 
b e h a v i o r  is s e e n  in A p p e n d i x  III in the  a p p r o x i m a t e  s o l u t i o n  of t he  B l a s i u s  
e q u a t i o n .  It is s h o w n  t h e r e  t ha t  r e a s o n a b l e  a p p r o x i m a t i o n s  can  be ob-  
t a i n e d  by  u s i n g  the  c o r r e c t  b e h a v i o r  of the  e x p o n e n t i a l s  n e a r  t he  wa l l  p r o -  
v i d e d  tha t  S and  g do not  v a r y  g r e a t l y .  T h e r e f o r e  the  f o l l o w i n g  a p p r o x i -  
m a t i o n s  a r e  u s e d  in Eq.  (51): 

and  
S = Sw ; g = gw 

f . 

f ., q2 
W 

21 



AE DC-T R-67-71 

This give s, 

mg = mog ° + (goo - mogo) 

f"  S )] f" S 1 w w 3 i. w w ,q3) _ y(~; ~ ~]o 
Y ( 3 ' 6g w 

1 1 f" S 
• W W 
' ~ 'rio 3 / 

(52) 

The so lu t ion  for  the e q u i l i b r i u m  e l e c t r o n  t e m p e r a t u r e  can be ob ta ined  
by l e t t i n g  g = 2 e v e r y w h e r e  in Eq. (52). 

The o r d e r  of the a p p r o x i m a t i o n  m a d e  to Eq. (48) by Eq. 
e v a l u a t e d  by f o r m a l l y  i n t e g r a t i n g  Eq. (49) and c o m p a r i n g  the t e r m s .  
can  be shown that  if the fo l lowing  i n t e g r a l  is m u c h  l e s s  than uni ty  the 
a p p r o x i m a t i o n  is good: 

(50) can  be 
It 

f - f 
I 1 mf dg e o g - S e  o d ~  

goo g d~] 

O 

dT] 

To eva lua t e  I we le t  

8 = 8 w + (I - 8 w) f' 

and f r o m  Eq. (52) 

2 f '  
m g 

The  i n t e g r a l  then  b e c o m e s  

O0 

I =. i I mf dg i - f' i 

g~ J dT] f"  d~] =" -- 6 g "  

O 

The t e r m  n e g l e c t e d  is on the  o r d e r  of 10 p e r c e n t  o r  l e s s  s i n c e  g® _> 2, 
h e n c e  Eq. (50) is a good a p p r o x i m a t i o n  to Eq. (48). 

Equa t ion  (52) wil l  be u s e d  in the m a t c h i n g  of the  bounda ry  l a y e r  to 
the s h e a t h  at the o u t e r  edge  of the shea th .  
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4.3 BOUNDARY-LAYER VOLTAGE DROP 

The electric field has to be obtained from the species equations, 
since to the first order n i = n e and Poisson's equation gives no informa- 
tion about the electric field. If we observe from Eqs. (4) and (5) that 
the convective portions of these are equal we obtain an equation which 
may be integrated from the edge of the sheath outward. This can be re- 
duced to the following expression for the electric field: 

E =im [ Di~i I(~ Ioo ~Y~m ~y (~e)) 

0 kT u 1/2 Ki ] o( 1 
p e 2v x K e oo 

(53) 

where the integration constant has been taken to be J = J (x). The J is 
evaluated by considering conditions at the edge of the sheath where the 
effects of charge and separation and convection are small; with Eqs. (II) 
and (12) J is found to be 

(Je - Ji ) (54) 
S 1/2 

en v u 
e co 

oo 

The voltage drop from the edge of the sheath to the edge of the 
boundary layer, W = WS, is given by the integration of Eq. (53), 

If'q5 
fT16 

e (V6 _ Vo) = - (KK_!il e d~n m d~ + j 

kT e ~o d~ 
rl o ~I o 

,.] d~1 
m 

'~6 

"rl o 

(55) 
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F o r  t he  e q u i l i b r i u m  c a s e  w = 1 and  Eq.  (55) b e c o m e s  

E 6 / e (v~ - v o) = s_. d_.~_m dE + 0 

kTo m dE 

E o 

(56) 

To e v a l u a t e  the  i n t e g r a l  we s h a l l  u s e  0 as  g i v e n  by  the  c o m p r e s s i b l e  
f l ow s o l u t i o n  wi th  P r  = 1, w h i c h  is  (Ref .  14), 

where 

8 = 8 w + (i - 8w)f' + y - 1 M 2 f, (i - f') 
2 

u 
fl _ 

u 
oo 

Then Eq. (56) becomes, 

e 

kT 
OQ 

(V 6 - V o) = - 8 w ~,n m ° 

+ 

"q6 [ l_e /.,do 
2 ~ m d~q 

Do 

dlq 

E6 1/2 

2 ~ m drl 

No z 

(57) 

The largest contribution to the remaining integrals occurs near D = ~7o 
f" dm 

since--m -~ 1 and -~] decays exponentially as ~-.-rl 6. Therefore any 

approximations made in the evaluation of the integrals should be very 

good near ~o" Expansion of Eq. (52) for ~ near No gives 

1/3 

m = m ° + (i - m o) w F (E - E o) 
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where we have used 
. 1/3 

3 I f w  ) . f .  

r g 

which is consis tent  with the approximate  evaluat ion of Eq. 
Also, 

f '  = f "r~ + O(rl 2) 
W 

(52). 

If m o << 1 and r} o << 1 then 

m S w 

over  mos t  of the range of integrat ion.  
becomes  

The f i r s t  in tegra l  in Eq. (57) 

~5 

(1-ew+ ~-I~2)~. o f f ~ d m  

m d~] 
dT] 

~]o 

M 2 2 " 1 / 3  ~(~ _ e +  ~_ ~ ~)~ (~-~ 
w 

and the second in tegra l  becomes  

~" ;- 1 M~2 / f ' 2  dm ~ ' m  dE Y - 1 M 2 ( 2 - - - - ) 4  ~ S w 

~o 

2 /3  

Numerical integration of a few cases has shown that these approxima- 
tions are very good. Finally, the equilibrium boundary-layer voltage 
drop becomes 

~v,-vo~=-~ ~n= + (~-~ +~-~1(~--)~ 
k T  w o w 2 ~ S w 

~ -  1 M 2 ( 2 ) 2 / 3  
- - -  ( 5 8 )  

4 = S 
W 
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The n o n e q u i l i b r i u m  b o u n d a r y  l a y e r  with w = ~ in Eq. (55) can be 
i n t e g r a t e d  d i r e c t l y  to give 

e (V 6 - V o) =" - co ~n __oo + 0 Me 

kToo ~ 80 
(59) 

Equa t i ons  (58) and (59) wil l  be added to the shea th  vo l tage  d rop  to give 
the c o m p l e t e  b o u n d a r y - l a y e r  vo l tage  d rops .  

4.4 INVISCID CORE VOLTAGE DROP 

In the i n v i s c i d  r e g ion  we have f r o m  Eq. (53) 

kT u 1/2 K. 
E~ - oo j( o~ ) ~oo 

e 2 v  x K 

(60) 

The vo l t age  d rop  be tween  the two b o u n d a r y - l a y e r  edges  is 

6 l 

( V 6 1 -  V62 ) °  _ f "~dY ~ - Eo~ 

6 
2 

where  ~ is the d i s t a nc e  be tween  the p l a t e s .  Hence,  a c r o s s  the i n v i s c i d  
c o r e  

i/2 u o o ~  i/2 

e ( V 6 1 -  V 6 2 ) = -  J ( ~ x ) ( v  ) K Kico 

kT - -  - 
~o e~ 

(61) 

If the i n t e g r a t i o n  in Eq. (61) is  f r o m  the m o r e  n e g a t i v e l y  b i a s e d  p la te  
t ow ard  the m o r e  pos i t i ve  p la te ,  the vo l tage  drop  in Eq. (61) wil l  be 
pos i t i ve .  

The  vo l tage  drop  a c r o s s  the i n v i s c i d  c o r e  m a y  or  m a y  not be neg l i -  
gible  with r e s p e c t  to the to ta l  p robe  vo l tage .  The  vo l t age  d rop  be tween  
the p l a t e s ,  n e g l e c t i n g  the i n v i s c i d  co re ,  (V~v 1 - Vw2) , can  be w r i t t e n  as 

e (Vwl Vw2) ~°s - = - -  J ( 6 2 )  kT j 
S 
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It is  shown in Sec t ion  VI tha t  

so tha t  

~0 S 
m 

J 
S 

T 
e 

o ~  

2 . 1 0  
0 0  

(1 TTe ( s Tw ) l j 3 w  Tw • Te 
o o  

T 

2 . 1 0  T e= 

< ]  /'~*'e 
CO 

J 

T h e r e f o r e  

[<~ v~] ~, [/v~ v~/] 
w h e n e v e r  

( ~____)1/2 u J ,  1 / 2  

2x ( v )  < < 1 0 3  
o 0  

T 
e 

o o  

T 
o o  

+ ( Sw Tw )1/3 
W e 

o o  

(63) 

and the i n v i s c i d  c o r e  vo l t age  drop  m a y  be n e g l e c t e d .  When th i s  i n e q u a l i t y  
is  not s a t i s f i e d ,  Eq. (61) m a y  be u s e d  to compute  the i n v i s c i d  c o r e  vo l t a g e  
drop and it  m u s t  be inc luded  in the o v e r a l l  p robe  vo l t age .  

SECTION V 
MATCHING OF THE SHEATH AND BOUNDARY LAYER 

Solu t ions  have  been  g iven  for  the  s h e a t h  and b o u n d a r y  l a y e r ;  it r e -  
m a i n s  to m a t c h  t h e s e  at the edge  of the s h e a t h  to c o m p l e t e  the so lu t ion .  

In m a t c h i n g  the b o u n d a r y - l a y e r  so lu t ion  to the s h e a t h  so lu t ion ,  t h r e e  
cond i t i ons  can  be spec i f i ed .  T h e s e  a r e  t a k e n  to be tha t  the e l e c t r i c  f ie ld ,  
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t h e  n u m b e r  d e n s i t y  of  c h a r g e d  p a r t i c l e s ,  a n d  t h e  e l e c t r i c  c u r r e n t  a r e  
a l l  c o n t i n u o u s  at  ~ = n o . 

T h e  c o n t i n u i t y  of  c u r r e n t  h a s  a l r e a d y  b e e n  a s s u r e d  b y  t h e  c h o i c e  of  
t h e  i n t e g r a t i o n  c o n s t a n t  in  Eq .  (53).  By  c o m p a r i n g  Eq .  (54) to  Eq .  (13),  
t h i s  c o r r e s p o n d s  to  

J 
m°S°° [ j ] 

" Jl e I 
qo Sw Ji 

(64) 

w h i c h  i s  t h e  f o r m  to be  u s e d  h e r e .  

T h e  c o n t i n u i t y  of  t h e  n u m b e r  d e n s i t y  of  c h a r g e d  p a r t i c l e s  h a s  b e e n  
a s s u r e d  by  s p e c i f y i n g  t h a t  w i a n d  ~e a r e  u n i t y  at  t h e  e d g e  of  t h e  s h e a t h .  
B y  c o m p a r i n g  Eq .  (53) w i t h  t h e  d i f f e r e n c e  b e t w e e n  E q s .  (11) a n d  ( 1 2 ) ,  
it  is  f o u n d  t h a t  t h e  e l e c t r i c  f i e l d  i s  c o n t i n u o u s  p r o v i d e d  t h e  q u a n t i t y  
d m  

i s  c o n t i n u o u s  at  ~ = n o . T h i s  w i l l  n o w  be  d o n e  f o r  t h e  two  c a s e s  c o n -  dv 
s i d e r e d .  

For the boundary-layer solution, we have from Eq. (52) 

d~ g o  ~ g o  d~  o 

goo Sw 1/3 (,o too) 'i,(,,,) m 
o 

g o  

T h e  s h e a t h  c o n d i t i o n s  c a n  b e  e x p r e s s e d  f r o m  Eq .  (35) 

d~1 o Do go go ~ o 

(dg) 
drl 

0 

w h e r e  ~ io  , ~ e o  = 1 . 0  a n d  1 + w o = go h a v e  b e e n  u s e d .  

t h e  a b o v e  e q u a t i o n s  a r e  i d e n t i c a l ;  
= r~ o t h e n  g i v e s  

T h e  l a s t  t e r m s  of  

t h e  m a t c h i n g  of  t h e  d e r i v a t i v e s  at  

mo g Sw 1/3 
Jl (i + k) = ( mo) f . 

,o ,o "--- gw 
(65) 
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The  n o n d i m e n s i o n a l  c u r r e n t  f r o m  Eq. (64) then  b e c o m e s  

.(_) 
1 + ~, g~o gw Sw e o~ 

I n t r o d u c i n g  the p a r a m e t e r  

a - 

2 
e n e 2 v  x 

,co c o  

e k T  u 
O ~ ¢m 

into the solution we have the relation 

A 2 
-- " m o  ~o 
a 

(66) 

(67) 

Subs t i t u t i ng  Eq. (67) into Eq. (65) g i v e s  

~o i - -- 2 = " Z S~ 
a go~ Ti o g~ a fw w 

(68) 

from which the sheath thickness can be found for a Jl and k from the 
sheath solutions. Equation (68) contains a term with go which is a 
function of Wo' however this term is usually negligible. For equilibrium 
go = 2 and for constant electron temperature 

CO 

go" l+-- 

0 

where 

@o = @w + { (I - @w ) + Y - 
2 

F o r  a g iven  se t  of the  p a r a m e t e r s  a, 

iM2}o0 f"w qo 

A, k, S, 
voltage through the boundary layer are found. 

to® and O w the c u r r e n t  and 

SECTION Vl 
R ESU LT S 

Analytical solutions are given for the flow of a weakly ionized gas 
between two conducting plates. The solutions are given for the particular 
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c o n d i t i o n s  of (1) e q u i l i b r i u m  e l e c t r o n  t e m p e r a t u r e ,  and (2) c o n s t a n t  
e l e c t r o n  t e m p e r a t u r e  t h r o u g h  the s h e a t h  and b o u n d a r y  l a y e r .  

T y p i c a l  s h e a t h  s o l u t i o n s  fo r  the c h a r g e  p a r t i c l e  d e n s i t y  and e l e c t r i c  
f i e ld  p r o f i l e s  a r e  shown  in F i g s .  4 and 5. F i g u r e  4 a l so  g ives  a c o m -  
p a r i s o n  wi th  an exac t  n u m e r i c a l  s o l u t i o n  fo r  the s a m e  se t  of p a r a m e t e r s  
and a s s u m p t i o n s  as  t a k e n  f r o m  Ref.  5. The  a g r e e m e n t  is v e r y  good.  
Th i s  s a m e  type  of a g r e e m e n t  was  found fo r  the e n t i r e  r a n g e  of p a r a m -  
e t e r s  g iven  in l:tef. 5, i n d i c a t i n g  tha t  the  a n a l y t i c a l  s o l u t i o n  is va l i d  o v e r  
the  e n t i r e  r a n g e  of p a r a m e t e r s  of i n t e r e s t .  F i g u r e  5 a l s o  g ives  a c o m -  
p a r i s o n  with  an e x a c t  n u m e r i c a l  so lu t ion  of the n o n e q u i l i b r i u m  s h e a t h  as  
g iven  in Ref .  8. The  a n a l y t i c a l  r e s u l t s  a r e  fo r  a c o n s t a n t  e l e c t r o n  t e m -  
p e r a t u r e  and a l i n e a r  gas  t e m p e r a t u r e  p r o f i l e  wh i l e  the n u m e r i c a l  r e s u l t s  
i n c l u d e d  an a p p r o x i m a t e  e l e c t r o n  e n e r g y  e q u a t i o n  and s o l v e d  f o r  the 
e l e c t r o n  t e m p e r a t u r e .  The  a g r e e m e n t  b e t w e e n  the  two s o l u t i o n s  is  v e r y  
good d e s p i t e  the a s s u m e d  c o n s t a n t  e l e c t r o n  t e m p e r a t u r e  in the a n a l y t i c a l  
so lu t ion .  

The  s h e a t h  v o l t a g e  as c a l c u l a t e d  by Eq. (39) f o r  an e q u i l i b r i u m  s h e a t h  
is shown in F ig .  6. An i s o t h e r m a l  and a l i n e a r  gas t e m p e r a t u r e  p r o f i l e  
a r e  shown in o r d e r  to g ive  the e f fec t  of c o m p r e s s i b i l i t y  on the  s h e a t h  
v o l t a g e .  D i r e c t  c o m p a r i s o n  wi th  the n u m e r i c a l  s o l u t i o n  f r o m  Ref.  5 is 
a g a i n  m a d e  f o r  the i s o t h e r m a l  shea th ,  and the  a g r e e m e n t  is v e r y  good.  
The  e f f ec t  of the d e n s i t y  v a r i a t i o n  is to d e c r e a s e  the  vo l t age  r e q u i r e d  to 
p r o d u c e  a g iven  c u r r e n t .  S ince  the e l e c t r o n s  a r e  in e q u i l i b r i u m  with  the  
gas ,  t h e i r  e n e r g y  is  d e c r e a s i n g  t h r o u g h  the shea th .  T h e r e f o r e ,  it t a k e s  
l e s s  v o l t a g e  to d e c r e a s e  the  e l e c t r o n  c u r r e n t  and keep  the  s a m e  net  c u r r e n t .  

Hav ing  d e m o n s t r a t e d  the v a l i d i t y  of the s h e a t h  s o l u t i o n s ,  t hey  a r e  
m a t c h e d  to the b o u n d a r y - l a y e r  s o l u t i o n  to g ive  the  c o m p l e t e  so lu t ion .  T y p i -  
ca l  p r o f i l e s  of the c o m p l e t e  so lu t i on  a r e  shown in F i g s .  7a and b. It c an  
be s e e n  tha t  the  c o n s t a n t  e l e c t r o n  t e m p e r a t u r e  s h e a t h  is t h i c k e r  than  the  
e q u i l i b r i u m  s h e a t h .  The  e l e c t r i c  f i e ld  d e c a y s  v e r y  r a p i d l y  t h r o u g h  the shea t h ,  
wi th  the v a l u e  at the  edge  of the  s h e a t h  b e i n g  a p p r o x i m a t e l y  o n e - t e n t h  the 
v a l u e  at the wal l .  

A l though  the  e l e c t r i c  f i e ld  is  weak  in the b o u n d a r y  l a y e r ,  the v o l t a g e  
d rop  is not  n e g l i g i b l e  b e c a u s e  of the  m u c h  l a r g e r  d i s t a n c e  invo lved .  Th i s  
is  i l l u s t r a t e d  in F ig .  8 w h i c h - s h o w s  the s h e a t h  and b o u n d a r y - l a y e r  v o l t a g e  
d r o p s  fo r  the  c a s e  of a c o n s t a n t  e l e c t r o n  t e m p e r a t u r e  and an e q u i l i b r i u m  
e l e c t r o n  t e m p e r a t u r e .  The  v o l t a g e  d rop  a c r o s s  the  s h e a t h  is  s e e n  to be 
a p p r o x i m a t e l y  60 p e r c e n t  of the  to ta l .  F i g u r e  8 a l s o  shows  a v e r y  we l l  de -  
f ined  s a t u r a t i o n  c u r r e n t  fo r  the p r o b e .  The  e q u i l i b r i u m  b o u n d a r y - l a y e r  
v o l t a g e  is a f u n c t i o n  of the  f r e e - s t r e a m  M a c h  n u m b e r  t h r o u g h  the gas  t e m -  
p e r a t u r e  d e p e n d e n c e .  E q u a t i o n  (58) shows  tha t  b o u n d a r y - l a y e r  v o l t a g e  
d rop  i n c r e a s e s  wi th  i n c r e a s i n g  f r e e - s t r e a m  Mach  n u m b e r .  
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The sheath thickness increases with a decrease in the free-stream 
electron density since the sheath thickness is characterized by (not 
equal to) the Debye length which increases with a decrease in electron 
density. This variation of the sheath thickness with ne® (ne® is pro- 

portional to the parameter a) is shown in Fig. 9. It is again noted that 
the constant electron temperature sheath is thicker than the equilibrium 
electron temperature sheath. A discussion in Appendix IV indicates 
that the solution is valid (i. e. , convection need not be considered) for a 
sheath thickness 9o < 1.4. Figure I0 shows the sheath thickness to be 
directly proportional to the sheath voltage. 

The current-voltage characteristics for the double parallel-plate 
probe may be constructed from the total current-voltage curves such 
as the ones shown in Fig. 8. If the lower plate is at a negative 
potential with respect to the plasma, it will draw an excess ion current. 
The upper plate is then less negative with respect to the plasma and will 
draw less ion current. From the continuity of current we have that 
J~ (x) = -Ju (x); hence the probe voltage is found by subtracting the volt- 
ages in Fig. 8 at J and -J. Figure II shows these probe voltages for 
several values of the parameters, Te®/T ® and S w. 

It takes a much larger voltage to saturate the current when Te®/T ® 

is larger than one. In most cases the saturation current may be found 

from Eq. (66) by neglecting re°g° This gives, as ~--~ 0, 
g® 

1/3 

Js co fl, w w Soo = - 1 + 
T w T + T S 

w e w w 

(69) 

The free-stream electron density is found from Eq. (54) 

1/2  (2x> 
n e  - J s 

-Js e v u 
co  o3 

(7o) 

Knowledge of Te®/T ® is required in Eq. (69) to determine Js for use in 

Eq. (70). For most cases this ratio will be unity; when the ratio is 
different than unity it can be evaluated from the slope of the current- 
voltage curve at zero current. The saturation voltage increases with 
Te®/T ~, and the slope of the characteristic curve is a function of 

Te®/T ® as was seen previously. Using a method given by Chung and 
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B l a n k e n s h i p  (Ref .  8) a c o r r e l a t i o n  f o r  T e ® / T  ~ c a n  be  f o u n d .  A s t r a i g h t  
l i n e  i s  d r a w n  w i t h  a s l o p e  e q u a l  to  t h e  c h a r a c t e r i s t i c  c u r v e  s l o p e  at  
J = 0 f r o m  t h e  o r i g i n  u n t i l  i t  i n t e r s e c t s  J s "  T h i s  v o l t a g e  i s  d e n o t e d  ~b s 
in F i g .  11. It  i s  f o u n d  t h a t  Cs c a n  be  r e l a t e d  to  T e ® / T  ® b y  

T 
e ¢Ps 

- (71) 

T 2. i0 
O0 

w h i c h  is  v e r y  n e a r l y  e q u a l  to  t h e  v a l u e  g i v e n  in  R e f .  8, e v e n  t h o u g h  t h e  
s a t u r a t i o n  c u r r e n t s  d i f f e r  c o n s i d e r a b l y .  It  s h o u l d  be  n o t e d  t h a t  t h e  
v o l t a g e  d r o p  in t h e  i n v i s c i d  c o r e  h a s  b e e n  n e g l e c t e d  in  t h e s e  f i g u r e s ,  b u t  
i t  m a y  no t  a l w a y s  be  n e g l i g i b l e .  

In  o r d e r  to  d e m o n s t r a t e  t h e  u s e  of e x p e r i m e n t a l  d a t a  in  E q s .  (69) 
a n d  (71),  by  a s s u m i n g  a t y p i c a l  f l o w  c o n d i t i o n  a n d  p r o b e  d i m e n s i o n s ,  
F i g .  12 s h o w s  t h e  d i m e n s i o n a l  c u r r e n t - v o l t a g e  c u r v e  o n e  c o u l d  e x p e c t  
to  o b t a i n  e x p e r i m e n t a l l y .  T h e  r e g i o n s  of i n t e r e s t  a r e  m a r k e d  on  t h e  
c u r v e .  A l s o ,  to  a i d  in  c h o o s i n g  i n s t r u m e n t a t i o n  f o r  s u c h  a p r o b e ,  t h e  

s a t u r a t i o n  c u r r e n t  i s  s h o w n  as  a f u n c t i o n  of  f r e e - s t r e a m  e l e c t r o n  d e n s i t y  
in  F i g .  13. T h e  p a r a m e t e r  ~ i s  a f u n c t i o n  o n l y  of  t h e  n e u t r a l  g a s  f l o w  
v a r i a b l e s  a n d  T e ® / T  ®. C o n s e r v a t i v e  e s t i m a t e s  of t h e  c u r r e n t  d e n s i t y  m a y  

be  m a d e  by  l e t t i n g  T e ® / T  ® = 1 . 0  in  ~.  T h e  c o n d i t i o n  f r o m  F i g .  12 i s  
s h o w n  f o r  c o m p a r i s o n .  

B o t h  E q s .  (69) a n d  (70) d e p e n d  on  t h e  i on  S c h m i d t  n u m b e r .  T h i s  i s  
a r e s u l t  of  t h e  s a t u r a t i o n  c u r r e n t  b e i n g  d o m i n a t e d  b y  ion  d i f f u s i o n .  
T h e r e f o r e ,  a k n o w l e d g e  of  i o n - n e u t r a l  d i f f u s i o n  c o e f f i c i e n t  i s  r e q u i r e d .  
T h e  f i r s t  a p p r o x i m a t i o n  to t h e  b i n a r y  d i f f u s i o n  c o e f f i c i e n t  i s  g i v e n  b y  
D e m e t r i a d e s  a n d  A r g y r o p o u l o s  (Re f .  15) a s  

3 ~n kT 1 
Din " 2 %/~n nn3/2 Qin 

w h e r e  Q i n  i s  t he  e f f e c t i v e  c o l l i s i o n  c r o s s  s e c t i o n  f o r  m o m e n t u m  t r a n s f e r .  
T h i s  e x p r e s s i o n  c a n  be  wi~i t ten  a s  

D. 2 x l 0  - 2 7  T 3 / 2  l m 2 = (72) 
~n 

P Qin see 
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where T is in °K; pis in atm and Qin is in m 2. Not much information 
is available on ion-neutral collision cross sections. It is noted (Ref. 16) 
that the collision cross sections are approximately three times the 
neutral-neutral collision cross sections for most species of air. Also, 
the magnitude does not vary too greatly from specie to specie, hence 

we take 

Qin =" 4.36 x 10 -17 T -I/2 
(73) 

for the effective collision cross section. The square root dependence 
on temperature is a result of using inverse fifth-power law interactions 
which are characteristic of a simple polarizable particle. Using Eqs. (72} 
and (73) in the definition of the ion Schmidt gives, 

S =- ~ - 6 . 4 4  x 1 0 7  ~- ( 7 4 )  
pD .  T 

& n  

where ~ is in Kg/m-sec and T is in °K. Figure 14 shows the variation of 
Eq. (74) for argon and nitrogen as a function of temperature. The vis- 

cosity of the neutral gases was calculated using viscosity data and a 
Lennard-Jones potential (Argon in Ref. 17 and Nitrogen in Ref. 18). If 
a linear viscosity law is used, consistent with the p# = constant approxi- 
mation, the Schmidt number is a constant. Clearly, the best available 
cross section or diffusion data should be used in the probe theory when 

interpreting experimental data. 

SECTION VII 
CONCLUSIONS 

An electrostatic probe has been analyzed for a flow regime in which 
the sheath is collision dominated. The probe consists of a double 
parallel-plate arrangement with the actual current-carrying segments 
being far from the leading edge. The aerodynamic boundary layer is in- 
cluded in the analysis along with the continuity and energy equations of the 
charged particles. 

Analytical solutions have been obtained for this problem. From 
these solutions relations have been obtained which allow the determina- 
tion of the free-stream electron density and temperature from experi- 
mental probe data (see Eqs. (70) and (71)). 

It is shown that the flow consists of three regions: (I) the inviscid 
core where the electric field is very weak and the current is by electron 
conduction which serves to maintain continuity between the plates, 
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(2) the v i s c o u s  b o u n d a r y  l a y e r  in which  the c o n t r o l l i n g  m e c h a n i s m  is 
ion d i f fus ion  and is  s i m i l a r  to a m b i p o l a r  d i f fus ion  excep t  that  t h e r e  is 
a f in i t e  c u r r e n t  flow, and (3) the s p a c e - c h a r g e  s h e a t h  a c r o s s  which  ion 
d i f fus ion  and conduc t ion  p lay  equa l  r o l e s .  It is found that  th i s  l a t t e r  
r e g i o n  con ta ins  v e r y  l a r g e  e l e c t r i c  f i e ld  g r a d i e n t s  and h e n c e  a l a r g e  
pa r t  of the vo l t age  drop.  

The  s a t u r a t i o n  c u r r e n t  is d o m i n a t e d  by ion di f fus ion,  and a c c u r a t e  
k n o w l e d g e  of the i o n - n e u t r a l  d i f fus ion  c o e f f i c i e n t s  is r e q u i r e d  fo r  the 
p a r t i c u l a r  gas be ing  i n v e s t i g a t e d .  If m e a s u r e m e n t s  of ne® and Te®/T ® 

can be ob ta ined  f r o m  o t h e r  s o u r c e s ,  the c o n t i n u m  e l e c t r o s t a t i c  p robe  
could  be u s e d  in r e v e r s e  and p r e d i c t  i o n - n e u t r a l  d i f fus ion  c o e f f i c i e n t s .  

The  r a n g e  of f r e e - s t r e a m  e l e c t r o n  d e n s i t y  for  which  the  t h e o r y  de-  
v e l o p e d  is  app l i cab l e  is d i s c u s s e d  in Appendix  IV. Al though  the  va l id i ty  
of s e v e r a l  of the a s s u m p t i o n s  d e p e n d s  on the  p a r t i c u l a r  f low ( such  as the  
r a t i o  of b o u n d a r y - l a y e r  t h i c k n e s s  to shea th  t h i c k n e s s )  it a p p e a r s  that  the  
p r o b e  m a y  be u s e d  in the  r a n g e  of 1 0 8 / c m  3 < n e ® <  1 0 1 2 / c m  3. T h e s e  

f i g u r e s  a r e  a p p r o x i m a t e  and depend  upon the p a r t i c u l a r  f low cond i t i ons  
be ing  c o n s i d e r e d .  
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APPENDIX II 
SIMPLIFIED SHEATH EQUATIONS 

EQUILIBRIUM ELECTRON TEMPERATURE 

In Sec t ion  III it was po in ted  out that  the i n t e g r a l s  in Eqs .  (27) and 
(28) could  be e v a l u a t e d  in t e r m s  of the g e n e r a l i z e d  K u m m e r  func t ions .  
However ,  in the c a s e s  of i n t e r e s t  in th is  p a p e r  t he se  i n t e g r a l s  m a y  be 
s i m p l i f i e d  and e va lua t e d  in t e r m s  of much  s i m p l e r  func t ions .  Equa t i ons  
(27) and (28) a r e :  

7"2 A 

ai(t) = - J1 t 3 e t ( 2Y3 
]./3 

(AT- 2 + 1) t 

? t  i - 7"2--~A + 1 t e 

3 t  t 
W 

d t  (II- 1) 

z2A 
1/3 

a e ( t )  = - J1  E t -  - ~ ' -  e - t ( 3 - ~ )  27"3 

t 

/ 
t 
w 

3t 

A72 - 1 

3 t 
e d t  (II-2) 

where  

i i -k 

Y3 
A 

2J 1 (i + k) 
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Since k is I0 -2 or less for most conditions, 

A~- 2 + 1 

3 

2 2 

3 ( I  + k) 3 
(II- 3) 

Y2 A 1 1 - E 1 

3 3 i +  k 3 

(II-4) 

_ _I (4 + AY2) - 5 + 3k =. _ 5 
3 3(1 + k) 3 

(II-5) 

Using  the above a p p r o x i m a t i o n s  in Eq. ( I I - I )  g ives  

J l  i I [  t ) 2 / 3  et - tw _ 11 

+ e  r ( ; t )  - 

In Eq. (II-2) we l e t  

A~- 2 - 4 

3 

3 +  5E 

3 (1 + k) 

which gives 

A~- 2 - 1 
m 

2E 

3 3 (1 + k) 
~0 

Ji E 
ae(t ) = 

A 

t 

(II-6) 

(II-7) 

(II-8) 

(II-9) 
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w h e r e  E l ( t )  is the exponen t i a l  i n t e g r a l .  Making E q s .  ( II -6)  and ( II -9)  
s a t i s fy  the  b o u n d a r y  cond i t ions  

a .  - 1 . 0 ;  a - 
1 e 

and u s i n g  the a p p r o x i m a t i o n  in Eq. 
equa t ions  fo r  the unknowns  J1, Rw, 

1 . o ;  C - 1 . o  

(24) e v a l u a t e d  at ~ = 0 g ives  t h r e e  
and R o. 

If the a s y m p t o t i c  e x p r e s s i o n  fo r  l a r g e  A g iven  in Eq. (23) is u s e d  
fo r  R o, Eqs .  (II-6), (II-9), and (24), r e s p e c t i v e l y ,  r e d u c e  to 

J1  (1 - E) 
- (II- 10) O 

2A 

t 
w I -E 

e =" (11-11) 
2E 

and 

( 3 J 1 )  2 / 3  t 1 / 3  
J l ~ 2 +  w [i 21-Ell (II-12) 

2 A I / 3 ( I  + E ) I / 3  L A 3  1 + E t w 

The e q u i l i b r i u m  s h e a t h  so lu t ion  fo r  J l ,  Rw, and R o c o m e s  f r o m  so lv ing  
Eqs .  (II-10),  ( I I - l l )  and (If-12).  In o r d e r  to obta in  the p r o f i l e s  in F ig .  4, 
Eqs .  (II-6) and (II-9) m u s t  be used .  

It shou ld  be po in t ed  out that  the R w found is an a p p r o x i m a t i o n ,  and 
the exac t  va lue  of R at ~ = 0 can  be found f r o m  Eq. (20), 

2 4 J 1 ( 1  + k )  
% =-A ( 2 - 1 ) + , o2 (i1-13) 

CONSTANT ELECTRON TEMPERATURE 

The cons t an t  e l e c t r o n  t e m p e r a t u r e  c a s e  is t r e a t e d  s i m i l a r  to the 
e q u i l i b r i u m  case .  Equa t i ons  (33) and (34) a r e :  

A~'2 1 / 3  

- -3- -  e t 
a i ( t )  = - J l  t 

t 

t 
W 

2y 3 

( A z 2  + i )  

3 - t  t e dt  (II- 14) 
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~ e  (t) = -J1 E t 

A82 83t 

7.3 e 7.3 ( 3A--~ )27.3 1/3 

t 

t w 

A82 - 1 83t 

Y2-~ A + 1 t 3 e 
3t 

Using the approximation 

dt 

A8 2 - 1 
<< 1 

3 

and integrating gives 
A7, 2 + 1 

ai(t) = _ j1 ( 2Y3i/3 t- 1/3AY2 { _ _ 3 ~ A  t ) 3 

AT2+ 1 (t w 

_L AT2 + 1 

+ ( A~_2__-__-2)et t 3 

__A~ 2 f3" 

- t  
W 

e - 1 

[ t )  
7 , ( 3  3 ' w 3 3 

.)]} 

(11-15) 

(II-16) 

CDae ( t )  

/ 3  
= - J l k  t - 1 / 3  (3--~ 27,3 ( ~ 3 )  { 1 Y 3  

s 3 ( t  w - t )  
7" 3 

- e 

+ 

83 
~ - ~ 

3Y 3 
(n-17) 
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w h e r e  

B 3 
~ -  t 

7" 3 

The t h i r d  equa t ion  is ob ta ined  f r o m  Eq. (36) e v a l u a t e d  at ~' = 0: 

J1 (I + ~) -- (i + ~o ) + A_ (R 2 .0 2 2 w - ) (II- 18) 

It shou ld  be po in ted  out that  72 and 73 a r e  not the s a m e  as  those  in the  
e q u i l i b r i u m  so lu t ion  but a r e  g iven  in Eq. (30). In g e n e r a l ,  a p p r o x i m a -  
t ions  of the  type m a d e  in the e q u i l i b r i u m  e l e c t r o n  t e m p e r a t u r e  so lu t ion  
cannot  be m a d e  in Eqs .  (II-16) and (II-17).  To obta in  the  p r o f i l e s  shown  
in F ig .  5, Eqs .  (II-16) and (II-17) have  to be u s e d  in the  f o r m  shown.  
Solv ing  Eqs .  (II-16) and (II-17),  e v a l u a t e d  at ~ = 1.0, a long  with Eq. (II-18) 
c o m p l e t e s  the  c o n s t a n t  e l e c t r o n  t e m p e r a t u r e  s h e a t h  so lu t ion .  
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APPENDIX III 
BOUNDARY-LAY ER APP ROXIMATIONS 

A useful method of solving boundary-layer equations is demon- 
strated in this section. The Blasius equation is 

f., f f l ,  + = 0 ( I I I -  I )  

w h e r e  t h e  s u p e r s c r i p t  p r i m e  d e n o t e s  d i f f e r e n t i a t i o n  w i t h  t h e  v a r i a b l e  ~. 
E q u a t i o n  ( I I I -1 )  c a n  b e  i n t e g r a t e d  f o r m a l l y  a s  

- fd~ 

f' Cl[ e o 

J 
O 

d~ + C 2 (III-2) 

A p p l y i n g  t h e  b o u n d a r y  c o n d i t i o n s  of f '  (o) = 0 a n d  f '  = 

I 
f = 

- f d ~  

e o 

O 

/ -  
e o 

0 

fd~] 

dD 

d~  

1 . 0  a s  ~---,-® g i v e s  

( I I I -  3) 

H e r e  f~ c a n  be  e v a l u a t e d  f o r  a n y  a s s u m e d  f. S i n c e  t h e  e x p o n e n t i a l  
r a p i d l y  d e c a y s  a s  ~ b e c o m e s  l a r g e r ,  t h e  i n t e g r a t i o n  w e i g h t s  f h e a v i l y  
n e a r  t h e  w a l l  (~ = 0). F o r  c a s e s  of no  s l i p  a n d  no  s u c t i o n  a n d / o r  b l o w -  
i n g  at  t h e  w a l l ,  t h e  v e l o c i t y  p r o f i l e  i s  a l m o s t  l i n e a r  n e a r  t h e  w a l l .  T h i s  
implies 

ft . fH 
w 

w h i c h  in t u r n  g i v e s  

( I I I - 4 )  

fH 
f _ w 2 

2 

S u b s t i t u t i n g  t h i s  r e l a t i o n  i n t o  Eq .  ( I I I -3 )  a n d  i n t e g r a t i n g  g i v e s  

f "  
1 .  w ~3 ) 

1 
f #  ___~ 
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w h e r e  ~ ( 3  ' x) is the  i n c o m p l e t e  g a m m a  funct ion.  

In o r d e r  to c h e c k  the a c c u r a c y  of the  a p p r o x i m a t i o n ,  d i f f e r e n t i a t e  
Eq. (III-4) and eva lua t e  the  d e r i v a t i v e  at r7 = 0 

f "  (o) - f "  - 
W 

1 

f'w 1/3 (;--) 

P P  I P  

This  g ives  fw = 0. 480 which  c o m p a r e s  to fw = 0. 470 fo r  n u m e r i c a l  
so lu t i ons .  Hence ,  Eq. (III-4) is s e e n  to be a good a p p r o x i m a t i o n  fo r  
the  v e l o c i t y  p ro f i l e .  

S ince  fw is known fo r  n u m e r i c a l  so lu t ions ,  a b e t t e r  a p p r o x i m a t i o n  
, p  

to f '  m a y  be found by m a k i n g  it s a t i s fy  the cond i t ion  f " ( o )  = fw = 0. 470. 
Us ing  th i s  cond i t i on  r a t h e r  than  f '  = 1.0 as r7--~® g ives  

f" 1/3 f "  
, . .  w 6 1 w ,r]3 ) 

W 

(III-5) 

which  a g r e e s  wel l  with n u m e r i c a l  so lu t ions  of f '  f o r  al l  ~, d i f f e r i n g  by 
only two p e r c e n t  as 7----®. Equa t ion  (III-5) i m p l i e s  that  

f "  3) 
f"  ,, f -  w w e x p  'q 

6 

is  a good a p p r o x i m a t i o n  to f "  fo r  al l  ~ and can be u s e d  in ob ta in ing  so lu -  
t ions  fo r  o t h e r  q u a n t i t i e s  in b o u n d a r y - l a y e r  c o n v e c t i o n - d i f f u s i o n  equa -  
t ions .  
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APPENDIX IV 
RANGE OF VALIDITY OF THE THEORY 

An e x a m i n a t i o n  wi l l  be m a d e  h e r e  of t he  a s s u m p t i o n s  g i v e n  in 
S e c t i o n  II to s h o w  the  a p p r o x i m a t e  r a n g e  of  v a l i d i t y  f o r  t h e  t h e o r y  p r e -  
s e n t e d  in t h i s  r e p o r t .  T h e  t h r e e  m o s t  c r i t i c a l  a s s u m p t i o n s  a r e  e x a m -  
i n e d  in m o r e  d e t a i l  b e l o w .  

FROZEN FLOW 

The flow is assumed to be frozen in ionization and recombination 
both while the particles diffuse through the boundary layer and are 
convected along the plate. The characteristic times for these two phe- 
nomena are approximately the same; therefore we need consider only 
the convection along the plate. 

T h e  r e s i d e n t  t i m e  f o r  a p a r t i c l e  in  t h e  f r e e  s t r e a m  is  

L 
T - s e c  (IV- I) 

U 
CO 

The characteristic reaction for air is the dissociative-recombination of 
NO + . The rate coefficient for this is given in Ref. 8 with a resulting 
time for recombination of 

3.5 
i0 T 

e ( IV-2)  "r = sec 
rec 

n 
e 

o0 

For argon, three-body recombination normally dominates; the rate 
coefficient from Ref. 19 gives, 

2 . 9 4  
T 

Tre e 3 01 1012 e = ' 2 sec 
n 
e 

co 

(IV-3) 

For the assumption of frozen flow to be valid we require 

T 
< 1 

T 
rec 

which gives an electron number density limit for air 

u Te 3 . 5 
n < ~ 10 6 
eco L 105 

(rv-4) 
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and  f o r  a r g o n ,  

< 1 76 x 1012  ~ u / % o  1 . 4 7  
neoo " %/ L Te 

In  t h e s e  e q u a t i o n s  T is  in °K, L is  in m ,  u .  i s  in  m / s e c ,  a n d  ne® 
in  p a r t i c l e s / m  3. 

NEGLIGIBLE CONVECTION IN SHEATH 

( iv -5 )  

i s  

It is  a s s u m e d  t h a t  t h e  c o n v e c t i v e  c o n t r i b u t i o n  to  t h e  c u r r e n t  n o r m a l  
to  t he  w a l l  is  n e g l i g i b l e  in  t he  s h e a t h .  If t h e  c o n v e c t i v e  t e r m s  a r e  r e -  
t a i n e d  in t he  s h e a t h ,  E q s .  (14) a n d  (15) b e c o m e  ( fo r  T e = T): 

C 

• f dal dal Aa.R - Jl - Sw Eo f -- dC 
dC ~ a~ 

O 

(Y~- 6) 

C / o °  
dae + AaeR = J 1  ~ - Sw ~o f ----Se d~ 
d~ e ~ d~ 

O 

(rv-7) 

S i n c e  t he  m a x i m u m  c o n t r i b u t i o n  of c o n v e c t i o n  o c c u r s  at  t h e  e d g e  of  t h e  
s h e a t h  (~ = 1), t h e  c o n v e c t i v e  t e r m s  a r e  a p p r o x i m a t e d  u s i n g  

fH fH 
f =. w rl 2 _ w ,qo 2 C2 

2 2 
a n d  ( s e e  f o r  e x a m p l e  F i g .  4) 

° 

l,e 

T h e  i n t e g r a t i o n  t h e n  g i v e s  

dai Aa R = Jl [ 
dC i t 

- C  

_ Sw w rlo3~3] 
6 J1 

(TV-8) 
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a n d  

( ~_~iel f" ~o 3 ] dae + AaeR Jl K [1 S w w C3 
d~ o0 6 J l l~  

( I V - 9 )  

T h e  t e r m s  on  t h e  l e f t - h a n d  s i d e  of  E q s .  ( I V - 8 )  a n d  ( I V - 9 )  a r e  a p p r o x i -  
m a t e l y  e q u a l  to  u n i t y .  A c o m p a r i s o n  of  t h e  c o n v e c t i v e  t e r m  f r o m  
Eq .  ( I V - 8 )  w i t h  u n i t y  g i v e s ,  

6 1 /3  
I7o < ( f"w Sw ) (IV-10) 

and from Eq. (IV-9) 
Ki 1 /3  1 /3  ~)  ~o < (<) (.,,~ 

oo W W 

( /lj3 .. lj0 
S i n c e  "~ ( ~ - - )  =" 6 

e ~ e 

i t  is  s e e n  t h a t  c o n v e c t i o n  i s  n e v e r  i m p o r t a n t  in  d e t e r m i n i n g  t h e  f l o w  of  
t h e  e l e c t r o n s  t o  t h e  w a l l .  T h e  i o n  c u r r e n t  d o m i n a t e s  a s  s a t u r a t i o n  i s  
r e a c h e d  ( a n d  t h e  s h e a t h  t h i c k e n s } ;  h e n c e  we  s h a l l  u s e  Eq .  ( I V - 1 0 )  a s  
t h e  c r i t e r i o n  to  d e t e r m i n e  at  w h a t  p o i n t  in  t h e  b o u n d a r y - l a y e r  c o n v e c -  
t i o n  m a y  be  n e g l e c t e d .  

SHEATH THICKNESS LARGER THAN AN ELECTRON.NEUTRAL MEAN FREE PATH 

T h e  a s s u m p t i o n  t h a t  t h e  s h e a t h  t h i c k n e s s  is  l a r g e r  t h a n  an  e l e c t r o n -  
n e u t r a l  m e a n  f r e e  p a t h  r e q u i r e s  t h a t :  

t 1 / 2  1 / 2  

u f (u ) 0 
2'o x p~ 2'o x p 

O 

T a k i n g  t h e  m e a n  f r e e  p a t h  to  be  

t - 

nw Q e n  

63 



AEDC-TR-67-71 

we s e e  that  

1/2  
U ) 

2voo x p = _Oen 

(IV- 12) 

w h e r e  M is the m a s s  of the n e u t r a l  p a r t i c l e  and Qen  is the  e f f ec t i ve  
c o l l i s i o n  c r o s s  s e c t i o n  fo r  m o m e n t u m  t r a n s f e r .  

It is found that  a l l  the c h a r g e  s e p a r a t i o n  is con t a ined  wel l  wi th in  
the s h e a t h  when  A > 1000. This  fact  is a l so  po in ted  out by Chung in 
Ref.  5. F r o m  the  de f in i t i on  of A we have  

e kT Po 2 o o , ( ) ( u )  
n e  - ~ 2 " -  ~ 

o e rl° p= 2v x 
GO, 

Using  Eq. (52) we le t  

n 
Poo e o 

Po n e  
Oo 

t~S w 1/3 
w ~o %2 ! 

to e l i m i n a t e  neo f r o m  the above equat ion;  h e n c e  

¢ okT 1/3 u 

ne e 2 -- f,, 3 
Oo Sw w r~o 2voo x 

(IV- 13) 

We m a y  now put the  c r i t e r i a  d e v e l o p e d  in the p r e c e d i n g  two s e c t i o n s  into 
Eq. (IV-13) to give the l i m i t s  on ne . 

F o r  c o n v e c t i o n  to be n e g l i g i b l e  we find by subs t i t u t i ng  Eq. (IV-10) 
into Eq. (IV-13) 

Sw 2 / 3  uoo ) To O (IV- 14) / 

%> x 
oo 

F o r  the s h e a t h  to be l a r g e r  than  the e l e c t r o n - n e u t r a l  m e a n  f r e e  
path we find by s u b s t i t u t i n g  Eq. (IV-12) in Eq. (IV-13) 

ne  < I 16 l 0 3 0  p 3 2v x 1 / 2  • ( Oo ) [argon] (IV-15a) 
Oo T 2 u 

(X) o o  
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n e  < 3 . 8 0  • 1 0 3 3  p 3 2v  x 1 / 2  

T 2 u 

( IV-  15b) 

w h e r e  p® i s  a n  a t m  a n d  o t h e r  q u a n t i t i e s  a r e  i n  MKS u n i t s .  

The applicability of the continuum electrostatic flat plate probe to 
a given flow can be determined from Eqs. (IV-4), (IV-5), (IV-14) and 
(IV-15) taken collectively. 
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i m m e d i a t e l y  fo l l owing  the  t i t le .  

4. D E S C R I P T I V E  NOTES: If appropr i a t e ,  e n t e r  t he  type  o f  
repor t ,  e . g . ,  i n t e r im,  p r o g r e s s ,  summary ,  annual, or f ina l .  
G ive  the  i n c l u s i v e  d a t e s  w h e n  a s p e c i f i c  r epo r t i ng  pe r iod  i s  
covered.  

5. AUTHOR(S):  Enter  the name(s) o f  author(s)  as shown on 
or in the report .  En t~  l as t  name, f i r s t  name, m/ddie i n i t i a l .  
I f  . 'ni l l tary, show rank and branch o f  serv ice.  The name o f  
the p r inc ipa l  ° ; , thor ~s an abso lu te  mlnlrnum requirement.. 

6. R E P O R T  D A T ~  Enter  the date of  the repor t  as day, 
month, year; or month, year. I f  more than one date appears 
on the report, use date  of  pub l ica t ion .  

7~. T O T A L  NUMBER OF PAGES: The to ta l  page count  
shou ld  f o l l o w  normal pag ina t ion  procedures,  Le. ,  enter  the 
number o f  pages con ta in ing  informat ion.  

7b. N U M B E R  O F  REFERENCES:  Enter  the tota l  number o f  
re fe rences  c i ted  in the report .  

8a. C O N T R A C T  OR G R A N T  NUMBER: I f  appropr iate,  enter  
the apphcab le  number o f  the cont ract  or grant under which 
the report  ~vas wr i t ten,  

8b, 8c, & 8d. P R O T E C T  NUMBER: Enter  the appropr ia te  
m i l i t a r y  department i den t i f i ca t i on ,  such as p ro jec t  number, 
subpre jec t  number, system numbers, task number, etc. 

9a. ORIGINATOR'S  R E P O R T  NUMBER(S): Enter  the o f f i -  
c ia l  repor t  number by wh ich  the document w~ll be i den t i f i ed  
and con t r c l l ed  by the o r ig ina t ing  ac t i v i t y .  T h i s  number must 
be  unique to th is  report .  

9b. O T H E R  R E P O R T  NUMbER(S):  l [  the report  hss been 
ass.~gned any other  report  numbers (either by the orz~lnator 
or by the sponsor), a lso  enter  t]-us number(s). 

I0. A V A I L A B I L I T Y / L I M I T A T I O N  NOTICES:  E n t e r  any  lira- 
s t a t i o n s  on fu r the r  d l s s e m m a t i o n ' o f  t h e  report ,  o t h e r  t h a n  t h o s e  

I N S T R U C T I O N S  

E n t e r  the  n a m e  and  a d d r e s s  i m p o s e d  
s u c h  as :  

(i) 

(2) 

(3) 

by  s e c u r i t y  c l a s s i f i c a t i o n ,  u s i n g  s t a n d a r d  s t a t e m e n t s  

" Q u a l i f i e d  requesters  may obta in  cop ies  o f  t h i s  
report  from D D C . "  

" F o r e i g n  announcement and d i ssemina t ion  o f  th is  
report  by DDC is  not a u t h o r i z e d . "  

"U.  S. Government agenc ies  may obta in  cop ies  o f  
th is  report  d i r ec t l y  from DDC. Other  qua l i f i ed  DDC 
users  sha l l  request  through 

I |  

(4) 'JU. S. mi l i t a ry  a g e n c i e s  may  o b t a i n  c o p i e s  o f  t h i s  
repor t  d i r ec t l y  from DDC. O the r  qua l i f i ed  u s e r s  
s h a l l  r e q u e s t  t h r o u g h  

(5) " A l l  d i s t r i b u t i o n  of t h i s  r epor t  i s  con t ro l l ed .  Qua/ -  
I f led  DDC u s e r s  s h a l l  r e q u e s t  t h rough  
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If t h e  repor t  h a s  b e e n  f u r n i s h e d  to t h e  O f f i c e  o f  T e c h n i c a l  
S e r v i c e s ,  D e p a r t m e n t  o f  C o m m e r c e ,  for s a l e  to t he  pub l i c ,  indi-  
c a t e  t h i s  f ac t  and  e n t e r  t he  p r i ce ,  i f  known.  

1L S U P P L E M E N T A R Y  NOTES:  U s e  for a d d i t i o n a l  e x p l a n a -  
to ry  no t e s .  

12. SPONSORING MILITARY ACTIVITY:  E n t e r  t he  n a m e  of  
t h e  d e p a r t m e n t a l  p r o j e c t  o f f i c e  or  l a b o r a t o r y  s p o n s o r l n g  ('pay- 
ing for) t h e  r e s e a r c h  and  d e v e l o p m e n t .  I n c l u d e  a d d r e s s .  

13. A B S T R A C T :  E n t e r  an  a b s t r a c t  g i v i n g  a b r ie f  and  f a c t u a l  
s u m m a r y  of the  d o c u m e n t  i n d i c a t i v e  of  t he  report ,  e v e n  t h o u g h  
it  :nay a l s o  a p p e a r  e l s e w h e r e  in t he  body  of  the  t e c h n i c a l  re-  
port .  If a d d i t i o n s l  s p a c e  is  requi red ,  a continuation s h e e t  s h e l l  
be a t t a c h e d .  

It  i s  h l g h l y  d e s i r a b l e  t ha t  the  a b s t r a c t  of  c l a s s z f i e d  r ep o r t s  
be  u n c l a s s i f i e d .  E a c h  p a r a g r a p h  of  the  a b s t r a c t  s h a l l  e n d  wi th  
an  i n d i c a t i o n  of  the  mi l i t a ry  s e c u r i t y  c l a s s i f i c a t i o n  of the  m -  
format ion  in the  pa rag raph ,  r e p r e s e n t e d  a s  (TS).  (S), (C). or  (U) 

T h e r e  i s  no  l im i t a t i on  on t he  l eng th  of  t he  a b s t r a c t .  How- 
ever ,  the  s u g g e s t e d  l eng th  i s  from IS0  to 225  words .  

14.  KEY WORDS: Key w o r d s  a r e  t e c h n i c a l l y  m e a n i n g f u l  t e r m s  
or sho r t  p h r a s e s  tha t  c h a r a c t e r i z e  s repor t  and  may  be  u s e d  a s  
i ndex  e n t r i e s  for c a t a l o g i n g  the  report .  Key words  m u s t  be  
s e l e c t e d  s o  tha t  no s e c u r : t y  c l a s s l f i c a t . i o n  i s  requi red .  Iden t i -  
h e r s ,  s u c h  "as e q u i p m e n t  mode l  d e s i g n a t i o n ,  t r ade  name ,  mi l i t a ry  
pro ject  code name, geographic  locat ion,  may he used as key 
words but w i I I  be fo l lowed by an i nd i ca t i on  o f  techn ica l  con-  
text.  The ass ignment  o f  l inks ,  ru les,  and we igh ts  is op t iona l .  
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